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ON THE KODAIRA DIMENSION OF MAXIMAL ORDERS
NATHAN GRIEVE AND COLIN INGALLS
Abstract. Let k be an algebraically closed field of characteristic zero and let K be a field
finitely generated over k. Let Σ be a central simple K-algebra, X a normal projective
model of K and Λ a sheaf of maximal OX -orders in Σ. There is a ramification Q-divisor
∆ on X , which is related to the canonical bimodule ωΛ by an adjunction formula, and
only depends on the class of Σ in the Brauer group of K. When the numerical abundance
conjecture holds true, or when Σ is a division algebra, we show that the Gelfand-Kirillov
dimension (or GK dimension) of the canonical ring of Λ is one more than the Iitaka dimension
(or D-dimension) of the log pair (X,∆). In the case that Σ is a division algebra, we
further show that this GK dimension is also one more than the transcendence degree of the
division algebra of degree zero fractions of the canonical ring of Λ. We prove that these
dimensions are birationally invariant when the b-log pair determined by the ramification
divisor has b-canonical singularities. In that case we refer to the D-dimension of (X,∆)
as the Kodaira dimension of the order Λ. For this, we establish birational invariance of
the Kodaira dimension of b-log pairs with b-canonical singularities. We also show that the
Kodaira dimension can not decrease for an embedding of division algebras, finite dimensional
over their centres, which induces a Galois extension of their centres. To that end, we
establish existence of equivariant b-terminal resolutions of G-b-log pairs and we also we find
two variants of the Riemann-Hurwitz formula. The first variant applies to embeddings of
division algebras with fixed centres while the second applies to the pullback of a division
algebra by a Galois extension of its centre.
1. Introduction
Let k be an algebraically closed field of characteristic zero and letK be a finitely generated
field over k. By birational invariance of Kodaira dimension for proper models of K, we may
define the Kodaira dimension of K to be κ(K) := κ(X), the Kodaira dimension of some
smooth proper model X of K. The Kodaira dimension of such an X can be defined in terms
of its canonical ring
R(X,KX) :=
⊕
ℓ>0
H0(X,OX(ℓKX)) =
⊕
ℓ>0
HomOX
(
OX , ω
⊗ℓ
X
)
in various ways. For instance, let GKdimR(X,KX) denote the GK dimension of R(X,KX).
We then have:
(1) κ(X) := GKdimR(X,KX)− 1.
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Our convention will be that κ(X) = −1 when negative rather than −∞ since this choice
simplifies the notation in this paper. In this article, we wish to extend the concept of Kodaira
dimension for K to a central simple K-algebra Σ. In place of the model X , we choose a
sheaf of maximal OX-orders Λ in Σ. In this situation, there is a canonical bimodule ωΛ and,
by using tensor products over Λ and reflexive hulls (−)∨∨, we define the canonical ring of Λ
to be:
R(Λ, ωΛ) :=
⊕
ℓ>0
HomΛ(Λ, (ω
⊗ℓ
Λ )
∨∨),
see Definition 5.2 and Definition 5.5 for more details. In the spirit of (1), we define
κ(Λ) := GKdimR(Λ, ωΛ)− 1.
At this point, we refer to κ(Λ) as the Iitaka dimension of Λ and we reserve the designation
of Kodaira dimension for a birational invariant of Λ. To understand the Iitaka dimension
of Λ, and ultimately the Kodaira dimension of Σ, we relate the canonical ring R(Λ, ωΛ) to
geometric information on its centre. To that end we need an observation of M. Artin; put
n2 = [Σ : K]. Then, as in Corollary 5.4, there is the ramification divisor ∆Λ, which is a
Q-divisor on X so that
(2) (ω⊗nΛ )
∨∨ ≃ (OX(n(KX +∆Λ))⊗ Λ)
∨∨.
Motivated by (2), we set KΛ := KX +∆Λ and consider the log canonical ring
R(X,KΛ) :=
⊕
ℓ>0
H0(X,OX(⌊ℓ(KX +∆Λ)⌋)).
Further, if we assume that (X,∆Λ) is Q-Gorenstein, then the n
th Veronese subrings of the
canonical ring R(Λ, ωΛ) and the log canonical ring R(X,KΛ) are, respectively:
R(Λ, ωΛ)
(n) :=
⊕
ℓ>0
R(Λ, ωΛ)ℓn =
⊕
ℓ>0
H0(X,Λ(ℓn(KX +∆Λ)))
and
R(X,KΛ)
(n) :=
⊕
ℓ>0
H0(X,OX(ℓn(KX +∆Λ))).
So R(X,KΛ)
(n) is also a central subalgebra of R(Λ, ωΛ)
(n).
We can obtain an equivalence of GK dimensions if we assume the numerical abundance
conjecture from birational geometry.
Conjecture 1.1 ([13, Conjecture 1.1]). Let (X,∆) be a Kawamata log terminal (klt) pair.
Then the numerical and Iitaka dimensions of the log canonical divisor coincide:
(3) κσ(X,KX +∆) = κ(X,KX +∆).
We use Conjecture 1.1 to prove the following theorem in §5.4.
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Theorem 1.2. Let K be a finitely generated field over k and let Σ be a central simple K-
algebra. Let X be a projective normal model of K and let Λ be a maximal OX-order in Σ. Let
∆Λ be the ramification divisor of Λ and assume that the log pair (X,∆Λ) is klt and satisfies
the numerical abundance conjecture. Then
GKdimR(Λ, ωΛ) = GKdimR(X,KΛ).
At this point we still need birational invariance to define the Kodaira dimension κ(Σ).
Note that the ramification divisor of Σ is defined for all proper normal models of K and so Σ
determines a b-divisor on K. This naturally leads us to the notion of b-singularities from [6]
and the existence of b-terminal resolutions [6, Theorem 2.30]. We obtain the following
theorem which is also an alternative formulation of Theorem 3.18.
Theorem 1.3. Let k be an algebraically closed field of characteristic zero. Let K be a field
finitely generated over k. Let D be a b-divisor on K. Let X and Y be proper normal models
of K such that the b-log pairs (X,D) and (Y,D) have b-canonical singularities. If ℓ(KX+DX)
and ℓ(KY + DY ) are Cartier, then
R(X,KX + DX)
(ℓ) = R(Y,KY + DY )
(ℓ)
and
GKdimR(X,KX + DX) = GKdimR(Y,KY + DY ).
Note that this result, combined with the existence of b-terminal resolutions for b-log
pairs [6, Theorem 2.31], allows us to define the Kodaira dimension of a b-divisor D as
κ(D) := κ(X,KX + DX) where X is any normal proper model of K with (X,D) having
b-canonical singularities. This also allows us to formulate one of our main results, which
includes birational and Morita invariance of Kodaira dimension for maximal orders.
Theorem 1.4. Let K be a field finitely generated over k. Let α be a Brauer class in Br(K)
with ramification b-divisor D(α). Suppose that the numerical abundance conjecture holds for
all (X,D(α)) such that X is a normal projective model of K and (X,D(α)) has b-canonical
singularities. Then if we choose a central simple algebra Σ with Brauer class α, a maximal
OX-order Λ in Σ with the b-log pair (X,D(α)) having b-canonical singularities then κ(Λ)
depends only on α.
Proof of Theorem 1.4. If (X,D(α)) is b-canonical then it is b-lt and so (X,D(α)X) is klt
by [6, Corollary 2.23]. So we can combine Theorem 1.2 and Theorem 1.3 to obtain the
result. 
In what follows, in the setting of Theorem 1.4 and under the hypothesis that (X,D(α))
has b-canonical singularities, we set: κ(α) := κ(Σ) := κ(Λ) and we then have birational
invariance of Kodaira dimension for maximal orders.
There are easy examples (compare with Example 5.10) where R(Λ, ωΛ) is not prime, so we
can not form a degree zero ring of fractions in general. However, when Σ is a division ring,
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we can form the degree zero graded fractions of R(Λ, ωΛ) and we then give an alternative
description for the growth of R(Λ, ωΛ). In addition we can relate the Kodaira dimension of Λ
to the transcendence degree of this division algebra without using the abundance conjecture.
This is the content of Theorem 1.5 which is a special case of Theorem 5.22; we prove these
theorems in §5.3.
Theorem 1.5. Let k be an algebraically closed field of characteristic zero. Let K be a field
finitely generated over k. Fix a K-central division algebra D, with finite dimension over K
and having degree prime to chark, Brauer class α ∈ Br(K) and ramification b-divisor D(α),
and write Kα := KX+D(α)X. Let X be a proper normal model of K, choose a maximal OX-
order Λ in D and suppose that (X,D(α)X) is Q-Gorenstein. Let k(Λ,Kα) be the degree zero
division ring of fractions of R(Λ, ωΛ) and let k(X,Kα) be the degree zero field of fractions of
the log canonical ring R(X,Kα). Then
GKdimR(Λ, ωΛ)− 1 = trdeg k(Λ,Kα) = trdeg k(X,Kα) = GKdimR(X,Kα)− 1.
If, in addition, (X,D(α)) has b-canonical singularities, then these numbers depend only on
α.
Note that Theorem 1.5 provides a proof of an unsubstantiated assertion of the second
author in [4], before [4, Question 1, p. 427]. At the same time, it also answers [4, Question
1, p. 427].
Finally, we turn to the main result of this paper which we state as Theorem 1.6 below. To
place this result into perspective, we first mention that its statement relies on the birationally
invariant concept of Kodaira dimension for Brauer classes which we obtain here.
Theorem 1.6. Suppose that k is an algebraically closed field of characteristic zero. Let
D1 ⊆ D2 be division algebras, finite dimensional over their centres K,F which are finitely
generated over k. Suppose further that:
(a) K ⊆ F; and
(b) the extension F/K is Galois.
Then
κ(D1) 6 κ(D2).
Although Theorem 1.6 provides a partial answer to [4, Question 2, p. 427], the following
question remains:
Question 1.7. Does the conclusion of Theorem 1.6 hold without the hypothesis that the
extension F/K is Galois?
We now discuss some aspects to the proof of Theorem 1.6. In doing so, we also describe
some additional results of this paper in some detail. Precisely, to prove Theorem 1.6 we break
the problem into two pieces. First, we study the nature of ramification under embeddings of
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division algebras over a fixed centre. Second, we extend this result and compare the ramifi-
cation of a given division algebra D to that of a division algebra which is a tensor product
F⊗Z(D) D, for F a Galois extension of the centre of D. In both cases we obtain the desired
bound on Kodaira dimension as a consequence of a formula akin to the Riemann-Hurwitz
formula. For completeness we state these Riemann-Hurwitz type theorems as Theorem 1.8
and Theorem 1.9 below; we prove these theorems in §4.1.2 and §4.2.2 respectively.
Theorem 1.8. Let K be a finitely generated field over an algebraically closed field k. Fix
two finite dimensional K-central division algebras D1 and D2, with an embedding D1 →֒ D2
of K-algebras and assume that the degrees of D1 and D2 are prime to chark. Let α1 and
α2 denote the respective Brauer classes of D1 and D2. Let X be a proper normal model of
K and let ∆α1 and ∆α2 denote the Weil divisors on X determined by the ramification of α1
and α2. Finally, fix a canonical divisor KX on X. Then, in the above setting, we have the
following inequality of Weil divisors:
∆α1 6 ∆α2 .
In addition, let
KX,αi = Kαi := KX +∆αi ,
for i = 1, 2, denote the log canonical divisors determined by the classes αi ∈ Br(K), let ep(α1)
denote the ramification of α1 at p and let eα2/α1(p) denote the ramification of the embedding
D1 →֒ D2 at p. Then, with these notations, it holds true that:
Kα2 = Kα1 +
∑
p
1
ep(α1)
(
1−
1
eα2/α1(p)
)
p.
Finally, if the log canonical divisors Kαi, for i = 1, 2, are Q-Cartier, then the inequality
κ(X,α1) 6 κ(X,α2)
holds true.
Theorem 1.9 below establishes a Riemann-Hurwitz type theorem for a given Q-Gorenstein
pair (X,∆α), with α ∈ Br(K) having degree prime to chark.
Theorem 1.9 (Corollary 4.10, Theorem 4.9). Let X be a normal projective variety, over
an algebraically closed field k, with function field K = k(X). Fix a finite separable field
extension F/K and let f : X ′ → X denote the normalization of X in F. Let α′ = f ∗α ∈
Br(F) denote the pull-back of a class α ∈ Br(K), with degree prime to char k, and assume
that the pairs (X,α) and (X ′, α′) are Q-Gorenstein.
Then, under these hypothesis, it holds true that:
κ(X ′, α′) > κ(X,α).
Further, let ep′/p denote the ramification of the extension F/K at p
′ over p, let ep′(α
′) denote
the ramification of α′ at p′ and let ep′/p(α) denote the ramification of α at p
′ over p. Then the
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log-canonical divisors KX′,f∗α = Kf∗α and KX,α = Kα on X
′ and X, respectively determined
by the Brauer classes α and f ∗α, are related by:
Kf∗α = f
∗Kα +
∑
p′
1
ep′
(ep′/p(α)− 1)p
′.
An important aspect in proving Theorem 1.9 is to show that the difference of the log-
canonical divisor on X ′ determined by the class α′ ∈ Br(F) and the pull-back of the log
canonical divisor on X determined by the class α ∈ Br(K) is effective. This is the content
of Theorem 4.9 and in order to prove that result, we first establish, in §4.2.1, some auxiliary
results which pertain to maximal orders and extensions of discrete valuation rings.
Recall that we use the term Kodaira dimension to emphasize birational invariance and we
use the term Iitaka dimension to emphasize dependence on a particular choice of model.
Note that many of our results on canonical rings and log canonical rings hold in situations
where we do not have birational invariance and so apply to the Iitaka dimension. We note
that the growth of canonical and log canonical rings are important invariants of canonical
divisors and log-pairs on projective varieties. We also recall that, in the literature, these
invariants are often referred to as Iitaka, Kodaira, or D-dimensions, see [16], [22], and [25]
for instance. To place our results obtained here into their proper context, we mention that
one source of motivation for what we do here is the joint work [7] of the second author and
Daniel Chan. In that work, the authors consider Brauer classes arising from function fields
of algebraic surfaces. Using the Artin-Mumford sequence, [2], the authors define ramification
data and log pairs determined by such Brauer classes. Further, they establish a minimal
model program for such pairs in dimension two. This has been extended to higher dimensions
in [6], where b-divisors are applied to the birational geometry of orders. We should also
mention that the idea of using log pairs, arising from ramification data, to study and Kodaira
dimensions for maximal orders is not new, see [9, p. 574].
Acknowledgements. The authors were respectively financially supported by an AARMS
postdoctoral fellowship and an NSERC Discovery grant. The second author would like to
thank Daniel Chan for useful conversations.
Notations and conventions. Unless otherwise stated, all varieties are assumed to be
integral, normal, proper and defined over an algebraically closed field k. Further, all division
algebras and central simple algebras are assumed to be finitely generated over k, finite
dimensional over their centres and have degree prime to chark when char k > 0.
2. Maximal orders, discrete valuation rings, and ramification
Here we collect some results about maximal orders over discrete valuation rings and their
ramification. Much of our presentation is based on what is done in [1], [5] and [27].
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2.1. Maximal Orders over complete discrete valuation rings. In this subsection, we
recall, following [27], some aspects of the theory of maximal orders over complete discrete
valuation rings.
In what follows we fix a complete discrete valuation ring (R,m), we let t = tR denote a
uniformizer (or prime element) of R, we let K denote the field of fractions of R and we let
v : K→ Z ∪ {∞} denote the valuation associated to R.
Our goal here is to recall some basic numerical invariants that we can associate to a K-
central division algebra D. With this in mind, denote by ND/K : D → K the norm from
D to K. Then, by definition, ND/K(a), for a ∈ D, is the determinant of the K-linear map
D → D obtained by left multiplication by a. Further, put m2 := [D : K] = dimKD, and
define
wD(a) =
1
m2
v(ND/K(a)),
for a ∈ D×. We refer to m as the degree of D.
The function wD determines a discrete valuation on D. This valuation extends v and the
valuation ring of D is:
(4) R := {a ∈ D : wD(a) > 0} = {a ∈ D : ND/K(a) ∈ R}.
The ring R is the integral closure of R in D and, since R is complete, is the unique maximal
R-order in D, [27, Theorem 12.8, p. 137]. The value group of v is Z while the value group
of wD is e
−1Z for some e with e | m2. In fact, e−1 := min{wD(a) : a ∈ D, wD(a) > 0} and
we say that
eD = e(D/K) := e
is the ramification index of D over K, [27, p. 139].
As in [27, p. 139], we normalize the valuation wD by defining:
vD := ewD.
With respect to this normalized valuation, there exists πD ∈ R with the property that
vD(πD) = 1; we refer to such an element πD as a prime element of R. As explained in [27,
p. 139], when we fix a prime element πD ∈ R, it follows that every nonzero a ∈ D is uniquely
expressible as
a = πnD · a
′ = a′′ · πnD,
for n = vD(a) and units a
′, a′′ ∈ R; in general a′ and a′′ need not be equal.
Let J := radR denote the Jacobson radical of R and fix a prime element πD ∈ R. The
powers of J are defined by:
Jk := (radΛ)k := RπkD = π
k
DR, for k ∈ Z>0.
Since v(t) = 1, it follows that:
vD(t) = ewD(t) = em
−2v(tm
2
) = e
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and
Je = RπeD = Rt = Rm.
The residue class ring R := R/ radR is a division ring over the residue field κ := R/m
and the inertial degree of D over K is defined as
ℓ = ℓD = ℓ(D/K) = [R : κ] = dimκR.
The inertial degree, ramification index and the degree are related by:
(5) e · ℓ = m2.
We make the following remark for later use.
Lemma 2.1. In the above setting, in particular, for R the unique maximal order in D a K-
central division algebra for K the function field of a complete discrete valuation ring (R,m),
the following assertions hold true:
(a) if ℓD = 1, then R = R[πD] and D = K. Further, in this case, e = 1.
(b) if D 6= K, then ℓD > 1.
Proof. For (a), if ℓD = 1, then R = R[πD] since, in this case, the powers {π
j
D}j=0,...,e−1 form
a free R-module basis for R, [27, Theorem 13.3]. On the other hand, if R = R[πD], then
D = K⊗R is a field. Since K is the centre of D, we must have D = K and so the fact that
e = 1 follows from (5). Assertion (b) is an immediate consequence of (a). 
2.2. Normal orders over complete discrete valuation rings. Let (R,m) be a
complete discrete valuation ring with function field K, let D be a K-central division algebra,
put Σ := Dn×n and let Λ be an R-order in Σ. We say that Λ is hereditary if all of its left
ideals are projective and we say that Λ is normal if its (Jacobson) radical radΛ has the form
radΛ = Λπ = πΛ,
for some π ∈ Λ. The Jacobson radical of a normal order is projective and hence, by [27,
Theorem 39.1], normal orders are hereditary, see also [1, Lemma 1.7.3] and [5, Proposition
5.3] for instance.
The structure of hereditary orders is well understood, [27, Theorem 39.14]. On the other
hand, as mentioned, normal orders are hereditary and we give, in Theorem 2.2, a more
refined description of their structure.
To begin with, we fix the following notation. Let Γ be a ring. As in [27, p. 353], for each
ideal a of Γ, we denote by (a)m×n the set of all m× n matrices with entries in a. Further, if
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{aij : 1 6 i, j 6 r} is a set of ideals in Γ, then we write
Λ =

a11 a12 . . . a1r
a21 a22 . . . a2r
. . . . . .
. . .
...
ar1 ar2 . . . arr

{n1,...,nr}
to mean that Λ is the set of all matrices (Tij)16i,j6r, where for each pair (i, j), the matrix
Tij ranges over all elements of (aij)
ni×nj .
Let R be the unique maximal R-order in D and set R := R/ radR. The structure of
hereditary R-orders in Σ is summarized in [27, Theorem 39.14] for instance. In particular,
if Λ is a hereditary order in
Σ ≃ Dn×n,
then there exists positive integers {n1, . . . , nr}, with n =
∑r
i=1 ni, so that
Λ =

R radR radR . . . radR
R R radR . . . radR
R R R
. . .
...
. . . . . . . . .
. . . radR
R R R . . . R

{n1,...,nr}
.
Further,
radΛ =

radR radR radR . . . radR
R radR radR . . . radR
R R radR . . . radR
. . . . . . . . .
. . .
...
R R R . . . radR

{n1,...,nr}
and
Λ/ radΛ ≃
r∏
i=1
R
ni×ni
.
In this setting, we refer to the number r as the type of a hereditary order Λ and we say
that the numbers {n1, . . . , nr} are its invariants.
The following theorem distinguishes normal R-orders amongst hereditary orders.
Theorem 2.2. Let Λ be a normal R-order in Σ ≃ Dn×n. If r denotes its type and
{n1, . . . , nr} its invariants, then ni = n/r, for all i.
Proof. Let J = radΛ, let π be a generator for J and put
M := R(n) = Rn×1
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the n× 1 column vector with entries in R. By [27, Corollary 39.18, p. 360], the modules
Si−1 := π
i−1M/πiM,
for 1 6 i 6 r, are a full set of non-isomorphic simple left Λ-modules. Further,
(6) Λ/ radΛ ≃
r∏
i=1
EndΛ S
ni×ni
i−1 ≃
r∏
i=1
R
ni×ni
and we check that the functor Λπ ⊗Λ − permutes each simple appearing in (6) transitively.
Thus, conjugation by π shows that all of the factors EndΛ S
ni×ni
i−1 , for 1 6 i 6 r, are isomor-
phic and so ni = n/r since n1 + · · ·+ nr = n. 
Let A(1,r)(D) denote the normal order of type r with invariants
{1, . . . , 1︸ ︷︷ ︸
r-copies
}
in the full matrix algebra Dr×r.
We then have that:
(7) A(1,r)(D) =

R radR . . . radR
R R
. . .
...
...
. . .
. . . radR
R . . . . . . R
 ⊆ Dr×r.
Next, let πD be a prime element of D. Then πD generates radR and we put
(8) p =

0 0 . . . 0 πD
1
. . .
. . . 0 0
0
. . .
. . .
. . . 0
...
. . .
. . .
. . .
...
0 0 . . . 1 0
 .
Using (7) and (8), it is then clear that
(9) radA(1,r)(D) = A(1,r)(D)pA(1,r)(D)
and also that
(10) pr = diag(πD, . . . , πD).
In light of (9), we refer to p as the standard generator of radA(1,r)(D).
Next we consider normal orders of type r with invariants
{s, . . . , s︸ ︷︷ ︸
r-copies
}
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and we put n = rs. Then, in this setting, we check that
(11) A(s,r)(D) ≃ A(1,r)(D)⊗R R
s×s ⊆ Dn×n
and
(12) radA(s,r)(D) = radA(1,r)(D)⊗R R
s×s.
Finally, if p is the standard generator for radA(1,r)(D), it is then clear, using (11) and (12),
that p ⊗ 1 generates radA(s,r)(D). In light of this fact, we refer to p ⊗ 1 as the standard
generator for radA(s,r)(D).
Theorem 2.2 has the following consequence which will be of use when we prove Theo-
rem 2.8.
Corollary 2.3. If Λ is a normal order in Kn×n of type r, then
Λ ≃ A(s,r)(R),
for s = n/r.
Proof. Corollary 2.3 is a special case of Theorem 2.2 with D = K. Indeed, in this case, we
have R = R. 
2.3. Ramification of maximal orders over complete discrete valuation rings. In
this subsection we discuss, following for the most part [1] and [5], some basic ramification
invariants that we can associate to maximal orders over complete discrete valuation rings.
Let (R,m) be a complete discrete valuation ring with fraction field K and residue field
κ := R/m. Let Λ be a maximal R-order in a K-central simple algebra Σ and denote by
κΛ := Z(Λ¯) the centre of the residue ring Λ¯ := Λ/ radΛ.
The basic numerical invariants that we associate to the pair (Λ,Σ) are integers e, e′, f and
n defined by the conditions that
(13) (radΛ)e = Λm, e′ = [κΛ : κ], f
2 = [Λ¯ : κΛ], and n
2 = [Σ : K].
The numbers e, e′, f and n have the properties that
(14) ee′f 2 = n2.
To see that (14) holds true, we first note that Λ is normal and so we can choose π ∈ Λ
which generates J := radΛ. We then study the J-adic filtration on Λ and we then deduce
that
n2 = dimκ Λ/mΛ = e dimκ Λ¯ = ee
′f 2,
compare also with (5), the proof given in [27, Theorem 13.3], and [1, Lemma 1.5.9 (i)].
Definition 2.4. We say that Λ is ramified if ee′ > 1 and we say that the number e is the
ramification index of Λ.
12 NATHAN GRIEVE AND COLIN INGALLS
Consider a finite e´tale extension R → S of complete discrete valuation rings and let mS
denote the maximal ideal of the complete discrete valuation ring S. Further, let
(15) SΛ := S ⊗R Λ, SΛ¯ := SΛ/ rad SΛ, κ(S) := S/mS, κ(SΛ) := Z(SΛ¯)
and put
SΣ := F⊗K Σ,
for F the field of fractions of S.
Proposition 2.5 (Compare with [1, Proposition 1.5.8]). The following assertions hold true:
(a) rad(SΛ) = S ⊗R rad(Λ);
(b) the S-order SΛ in SΣ is normal;
(c) the numbers e, e′, f and n defined above satisfy the conditions that
(rad SΛ)
e = mSΛ, e
′ = [κ(SΛ) : κ(S)], f
2 = [SΛ¯ : κ(SΛ)], and n
2 = [SΣ : F].
Proof. The ring κ(S)⊗κ Λ¯ is a semisimple algebra, by [21, Chapter XVII, Theorem 6.2] and
it follows that
rad SΛ = S ⊗R rad(Λ)
which establishes (a) and (b) since Λ is normal. For (c) we first note that, in light of (a) and
(b), the equation
(rad SΛ)
e = SΛ mS
holds true. Finally, since centres are compatible with flat base change, the remaining equa-
tions given by (c) hold true too. 
Definition 2.6. We say that a K-central simple algebra Σ has an unramified splitting field
if there exists an e´tale extension R → S of complete discrete valuation rings so that if F
denotes the function field of S, then the F-central simple algebra F⊗K Σ splits.
The K-central simple algebra Σ is Morita equivalent to some unique (up to isomorphism)
K-central division ring D and the index of Σ is defined to be the degree of D, that is the
positive integer with the property that its square equals [D : K].
Proposition 2.7 (Compare with [1, Proposition 1.5.11]). Assume that either the residue
field κ := R/m is perfect or that the index of Σ is prime to char κ. Then Σ admits an
unramified splitting field.
Proof. We know that Σ is Morita equivalent to some K-central division algebra D and that
the Schur index of Σ is the square root of [D : K]. Without loss of generality D 6= K and
we first argue that D has an unramified maximal subfield.
To achieve this, it suffices to first find any subfield F of D which is an unramified extension
of K and not equal to K. Indeed, given such a subfield, we may choose such a subfield which
is maximal with respect to this property.
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To produce an unramified subfield of D, first recall that R is a division ring and, by
Lemma 2.1, it is a non-trivial extension of κ since D 6= K. Let a ∈ R \ radR and let a ∈ R
be its image. The hypothesis that κ is perfect or that [D : K] is prime to char κ implies
that the extension κ[a¯]/κ is separable. Thus the minimal polynomial f¯(x) ∈ κ[x] of a¯ is
separable. Let f(x) ∈ R[x] be a lift of f¯(x). Hensel’s lemma implies that we can lift a¯ to a
root b ∈ R of f(x). Then R[b] is an e´tale extension of R and K[b] is an unramified subfield
of D.
Now let F be a subfield of D which is an unramified extension of K and which is maximal
with respect to this property. We claim that in fact F is a maximal subfield of D. To this
end, let D′ be the centralizer of F in D. Every subfield containing F will be contained in
D′ and so it suffices to show that D′ = F. Since D′ is a division ring and F is contained in
the centre of D′ by induction there is an unramified extension E of F which is a maximal
commutative subfield of D′. By maximality of F, F = E and thus F = D′. 
We now state and prove Theorem 2.8:
Theorem 2.8 (Compare with [1, Proposition 1.7.14]). Assume that κ is perfect or that the
index of Σ is prime to the characteristic of char κ. Then the ramification invariants of the
maximal order Λ have the property that:
e = e′ and ef = n.
Proof. Since, by (14), ee′f 2 = n2, it suffices to show that ef = n. To this end, by Propo-
sition 2.7, the central simple K-algebra Σ has an unramified splitting field. Let R → S be
such a finite e´tale extension of complete discrete valuation rings which splits Σ and write
SΣ := F⊗K Σ ≃ F
n×n,
for F the fraction field of S.
Keeping with the notation of (15), we then have, by Proposition 2.5, that SΣ is normal
and also that
(rad SΛ)
e = SΛ(mS)SΛ, e
′ = [κ(SΛ) : κ(S)], f
2 = [Λ¯S : κ(SΛ)] and n
2 = [SΣ : F].
On the other hand, by Corollary 2.3,
SΛ ≃ A(s,r)(S)
for some (s, r) with sr = n; by considering the standard generator for radA(s,r)(S), it is clear
that e = r. Further,
A(s,r)(S)/ radA(s,r)(S) ≃
r∏
i=1
κ(S)s×s
and so clearly
κ(SΛ) ≃ κ(S)
⊕r
and f = s. It then follows that e′ = r = e since n = rs = ef and ee′f 2 = n2. 
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Theorem 2.8 has the following consequence:
Corollary 2.9. In the setting of Theorem 2.8, the ramification invariants of the maximal
order Λ in Σ are equal to those of the unique maximal order R in D the unique division
algebra which is Morita equivalent to Σ.
Proof. Since Σ ≃ DN×N , for N [D : K] = n2, the maximal order Λ in Σ will be of the form
Λ ≃ RN×N and so we have the following equality of centres:
(16) Z(Λ¯) = Z((R/ rad(R)N×N ) = Z(R¯).
It then clearly follows from (16) that the e′ of Λ, as defined in (13) equals the e′D of D, also
as defined in (13), and so the other relations follow from Theorem 2.8. 
2.4. Maximal orders and, not necessarily complete, discrete valuation rings. We
now let (R,m) be a discrete valuation ring, not necessarily complete, we let (Rˆ, mˆ) denote
the m-adic completion of R and we denote by Kˆ the quotient field of Rˆ. Let Λ be a maximal
R-order in a central simple K-algebra Σ and put Λˆ := Rˆ ⊗R Λ and Σˆ := Kˆ ⊗K Σ. Recall
that, by [3, Proposition 2.5] for instance, Λˆ is a maximal Rˆ-order in Σˆ. The radical of Λˆ is
related to the radical of Λ via:
radΛ = Λ ∩ rad Λˆ;
we define the powers of radΛ by:
(radΛ)k := Λ ∩ (rad Λˆ)k = Λ ∩ ΛˆπkDΛˆ,
for k ∈ Z>0.
In this notation, if t a uniformizer of R and if e is the ramification index of Λˆ, so e is
defined by the condition that:
(rad Λˆ)e = ΛˆtΛˆ,
we then have:
Λt = Λ ∩ (rad Λˆ)e = (radΛ)e.
We now assume that the index of Σ is prime to κ or that κ is perfect. In what follows, we
need Proposition 2.10, below, which shows how the Λ-bimodule
Λ∨ := HomR(Λ, R)
is related to rad(Λ) and the ramification invariant e of Λ.
Before stating Proposition 2.10, we let TrdΣ/K : Σ→ K denote the reduced trace from Σ
to K. Then, if F/K is a finite extension which splits Σ, so
(17) F⊗K Σ
∼
−→ Fn×n,
then TrdΣ/K(x), for x ∈ Σ, is the trace of the matrix corresponding to x under the isomor-
phism (17), [27, §9 a].
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Proposition 2.10. In the above setting, the reduced trace pairing:
(18) Σ× Σ→ K,
defined by
(x, y) 7→ TrdΣ/K(xy),
induces an isomorphism
Λ∨ ≃ (radΛ)1−e
of Λ-bimodules.
Proof. Via the reduced trace pairing (18), the module Λ∨ is identified with the inverse
different
Λ˜ = {x ∈ Σ : TrdΣ/K(xΛ) ⊆ R},
[27, p. 184]. Further, as explained in [27, §20], the inverse different commutes with taking
completion, and with taking matrix algebras. Thus, to relate the inverse different Λ˜ to
ramification of Λ we may, without loss of generality, assume that (R,m) is complete, that
Σ = D, for D a K-central division ring, and Λ = R the unique maximal R-order in D.
In this setting it is known, see for instance [28, p. 148 and p. 149], compare also with [1,
Proposition 1.8.2], [5, Proposition 10.12] and [8, Discussion on p. 152], that when κ := R/m
is perfect or degD is prime to κ, that
Λ˜ ≃ (radR)−e+1
as desired. 
3. Iitaka-Kodaira-D-dimensions, b-divisors and ramification of Brauer
classes
Let k be an algebraically closed field and X an integral normal proper variety over k
with function field K = k(X). In this section, we define and study concepts related to
log pairs (X,∆α) determined by Brauer classes α ∈ Br(K) which have degree prime to
chark. Initially, we allow k to have positive characteristic, but in order to consider Kodaira
dimensions of Brauer classes, we later insist that k have characteristic zero.
3.1. Divisors, section rings and Iitaka-dimensions. Let X be an integral normal
variety over an algebraically closed field k and denote by K = k(X) the function field of X .
Let p ∈ X be a codimension 1 point. By abuse of terminology, we also say that p is a
prime divisor of X and we often identify p with the irreducible codimension 1 subvariety
of X that it determines. The local ring (OX,p,mp) is a discrete valuation ring with fraction
field K, we denote by κ(p) := OX,p/mp the residue field of OX,p, we let OˆX,p denote the
completion of OX,p with respect to mp, we denote by Kp the field of fractions of the complete
discrete valuation ring OˆX,p and we denote by mˆp the maximal ideal of OˆX,p. Finally, we
denote the residue field of OˆX,p by κˆ(p).
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Let WDiv(X) denote the group of Weil divisors on X , set WDivQ(X) := Q⊗Z WDiv(X)
and ⌊D⌋ :=
∑
⌊di⌋pi, where ⌊d⌋, for d ∈ Q, denotes the largest integer which is at most d.
In what follows, we denote by CDiv(X) ⊆ WDiv(X), the subgroup of Cartier divisors on
X and we set CDivQ(X) := Q ⊗Z CDiv(X). By abuse of terminology, we sometimes refer
to elements of WDivQ(X) and CDivQ(X), as simply Weil, respectively, Cartier divisors.
Also, we say that a divisor D ∈ WDivQ(X) is Q-Cartier if some positive integral multiple
of D is an element of CDiv(X). We also recall that the Weil divisorial sheaf of a divisor
D ∈WDiv(X) is the rank 1 reflexive sheaf on X defined by the condition that:
OX(D)(U) := {s ∈ K : div(s)|U +D|U > 0}
for Zariski open subsets U ⊆ X . Here div(s) denotes the divisor determined by s ∈ K.
If R =
⊕
ℓ>0Rℓ is a graded (commutative) k-domain with R0 = k, then we let k(R)
denote the field obtained by taking the degree zero piece of R localized at the set of nonzero
homogeneous elements. Further, we denote by N(R) the semigroup of R:
N(R) := {ℓ > 0 : Rℓ 6= 0}.
Given a nonnegative integer d, we can consider the dth Veronese subalgebra R(d) of a
graded domain R =
⊕
ℓ>0Rℓ. This is the graded subalgebra of R defined by the condition
that R(d) :=
⊕
ℓ>0Rℓd. We recall that:
(19) k(R(d)) = k(R).
For our purposes here, when X is additionally assumed to be proper, we are interested
in graded k-domains determined by Weil divisors on X . Precisely, given a Weil divisor
D ∈WDivQ(X), we denote the section ring of D by:
R(X,D) :=
⊕
ℓ>0
H0(X,OX(⌊ℓD⌋)).
We let N(X,D) and k(X,D) denote the semigroup and degree zero fraction field of the sec-
tion ring R(X,D) for a Weil divisor D ∈WDivQ(X). In this notation, the Iitaka dimension
of D ∈WDivQ(X) is defined by:
(20) κ(X,D) :=
{
−1 if N(X,D) = (0)
trdeg k(X,D) if N(X,D) 6= (0).
We remark that a consequence of (19) and (20) is the fact that
(21) κ(X,D) = κ(X, ℓD)
for all positive integers ℓ, compare with [25, p. 274].
We also recall, that for a Q-Cartier divisor D, the Iitaka dimension κ(X,D) can be de-
scribed in terms of growth. Precisely, we fix a positive integer m so that mD ∈ CDiv(X).
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Then, there exists constants α, β > 0 so that if κ := κ(X,D), then
(22) α · ℓκ 6 h0(X,OX(ℓmD)) 6 β · ℓ
κ
for all sufficiently large ℓ ∈ N(X,mD), see for instance [22, Corollary 2.1.38], [16, Theorem
1], [25, Corollary 1.13], or [10, Proposition 1.4.8]. (When N(X,mD) = (0), κ(X,D) = −1.)
3.2. Log pairs. In this article, we study the geometry of log pairs determined by elements
of Br(K) the Brauer group of K. Here K = k(X) denotes the function field of an integral
normal proper variety X over an algebraically closed field k. With this in mind, our purpose
here is to make some remarks about log pairs on X and log canonical rings.
To begin with, we denote by KX a canonical divisor on X and we recall that KX is unique
modulo linear equivalence. In particular, if Xreg ⊆ X denotes the Zariski open subset of non-
singular points of X , if j : Xreg →֒ X denotes the canonical inclusion and if ωXreg denotes
the canonical line bundle of Xreg, then KX ∈WDiv(X) is defined, up to linear equivalence,
by the condition that j∗ωXreg ≃ OX(KX).
Next, a log pair (X,∆) is a pair of a variety X with an effective divisor ∆ ∈WDivQ(X).
We say the pair (X,∆) is Q-Gorenstein if we also have the property that KX + ∆ is Q-
Cartier. Further, we define the log canonical ring of the Q-Gorenstein pair to be the section
ring of the Q-Cartier divisor KX +∆:
R(X,KX +∆) :=
⊕
ℓ>0
H0(X,OX(⌊ℓ(KX +∆)⌋)).
Definition 3.1. We define the Iitaka dimension of a Q-Gorenstein pair (X,∆) to be
κ(X,KX +∆) the Iitaka dimension of the Q-Cartier divisor KX +∆.
Remark 3.2. Given a Q-Gorenstein pair (X,∆) by choosing a positive integer ℓ so that
ℓ(KX +∆) ∈ CDiv(X), we have the relation:
κ(X,KX +∆) = κ(X, ℓ(KX +∆))
as is implied by (21).
3.3. Brauer classes, maximal orders and ramification divisors. Let K = k(X) be
the function field of an integral normal variety X over an algebraically closed field k. Let Σ
denote a central simple K-algebra with degree prime to chark. By an OX-order in Σ, we
mean a sheaf of algebras Λ on X with the properties that:
(a) Λ is a coherent OX -module on X ;
(b) Λ is torsion free; and
(c) K⊗OX Λ ≃ Σ.
We say that an OX-order Λ in Σ is maximal if it is maximal with respect to inclusion
amongst orders in Σ.
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If Λ is a maximal OX -order in Σ and if p is a codimension 1 point ofX , then Λp := OX,p⊗Λ
is a maximal OX,p-order in Σ and Λˆp := OˆX,p⊗Λp is a maximal OˆX,p-order in the Kp-central
simple algebra Σp := Kp ⊗K Σ, for Kp the field of fractions of OˆX,p. Also, for future use,
we recall that, by [3, Theorem 1.5, p. 3], an OX -order Λ in Σ is maximal if and only if it
satisfies the two conditions that:
(a) it is reflexive as an OX -module; and
(b) Λp is a maximal OX,p-order for each codimension 1 point p of X .
Let Λ be a maximal OX -order in Σ, fix p a codimension 1 point of X , denote by
κΛ(p) := Z(Λˆp/ rad Λˆp)
the centre of the ring Λˆp/ rad Λˆp and put:
eΛ(p) := [κΛ(p) : κˆ(p)].
Then since Λˆp is maximal it follows, by Theorem 2.8, that:
Λˆpmˆp = mˆpΛˆp = (rad Λˆp)
eΛ(p).
Definition 3.3. We say that eΛ(p) is the ramification index of Λ at p. If eΛ(p) > 1, then
we say that Λ is ramified at p.
Before proving Proposition 3.4 below, we need the concept of discriminant divisor of a
maximal order Λ inside of Σ. Our approach here is to adapt what is done in [29, Chapter
III §2]. To this end, let TrdΣ/K : Σ → K denote the reduced trace from Σ to K. Next,
let Uloc.free ⊆ X be the Zariski open subset over which Λ is free as an OX -module and let
U = SpecR ⊆ Uloc.free be an affine open subset.
Fix a basis e1, . . . , en2 , n
2 = [Σ : K], for Λ(U) ⊆ Σ over OX(U) = R ⊆ K. The
discriminant of Λ over U with respect to the basis e1, . . . , en2 and the reduced trace pairing
induced by TrdΣ/K is given by:
(23) DiscΛ/R(e1, . . . , en2) := det(TrdΣ/K(eiej)) ∈ R.
The principal ideal dTrdΣ/K ,R generated by (23) does not depend on the choice of basis.
Finally, we remark that such principal ideals dTrdΣ/K ,R, defined affine locally, patch together
to give a principal ideal sheaf dTrdΣ/K ,OX which determines an effective Cartier divisor on
Uloc.free. We denote this effective Cartier divisor by Disc(Λ). Since Λ is locally free in
codimension 1, and since X \ Uloc.free has codimension at least 2 in X , the Cartier divisor
Disc(Λ) extends to a Weil divisor on X which we also denote by Disc(Λ).
Proposition 3.4. If Λ is a maximal OX-order in a central simple K-algebra Σ then there
exists at most finitely many prime divisors p ⊆ X with eΛ(p) > 1.
Proof. Let Xreg := X \ Sing(X) for Sing(X) the singular locus of X . Then, since X is
normal, Xreg contains all height 1 prime ideals of X .
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Next, since Λ is a maximal order, it is a reflexive OX-module and thus Λ|Xreg is reflexive
too. Since Xreg is non-singular, Λ|Xreg is locally free except along a subset of codimension
at least 3, [15, Corollary 1.4, p. 126]. Thus, if U ⊆ Xreg ⊆ X is the open subset over which
Λ|Xreg is locally free, then our above discussion implies that U contains all height 1 primes
of X and also that Λ|U is a locally free maximal order.
Now let dTrdΣ/K,OU denote the discriminant ideal sheaf of Λ|U . We then have, for a height
1 prime p ∈ X , that
(24) dTrdΣ/K,OX,p = OX,p
if and only if
(25) Λp ≃ Λ
∨
p ,
as Λp-bimodules. On the other hand, by Proposition 2.10,
(26) Λ∨p ≃ (radΛp)
1−eΛ(p),
as Λp-bimodules and so, considering (25) and (26), we conclude that (24) holds true if and
only if eΛ(p) = 1, since the powers of radΛp are distinct. In particular, the collection of
height 1 primes p ∈ X with eΛ(p) > 1 is precisely supp(Disc(Λ)) for Disc(Λ) the effective
Cartier divisor on U determined by the principal ideal sheaf dΛU/OU . 
We write Br(K) for the Brauer group of Morita equivalence classes of central simple K-
algebras, and Br(F/K) the Brauer group of Morita equivalence classes of central simple
K-algebras split by F. Recall that Br(K) is the direct limit of the groups Br(F/K). We
refer to [12, §2] and [27, §28] for more details.
Let α ∈ Br(K) be the class of our fixed central simple K-algebra Σ and fix a codimension
1 prime p of X . Recall that, by assumption, the degree of α is prime to chark. Next, let
αˆp ∈ Br(Kp) denote the image of α under the natural map
Br(K)→ Br(Kp).
Then αˆp is the class of the central simple Kp-algebra Σp and we can write
Σp ∼Morita Dp
for some unique, up to isomorphism, Kp-central division ring Dp. Put
ep(α) := eDp = e(Dp/Kp),
where the number e(Dp/Kp) is defined as in §2.1.
Definition 3.5. In the above setting, we say that ep(α) is the ramification index of the
Brauer class α at p.
We record the evident fact that the numbers eΛ(p) and ep(α) coincide.
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Proposition 3.6. Fix a codimension 1 prime p of X, let Λ be a maximal OX-order in Σ
and let α ∈ Br(K) denote the Brauer class of Σ. In this setting, we then have that
ep(α) = eΛ(p).
Proof. This is an immediate consequence of Corollary 2.9 and the definitions. We also note
that the hypothesis of Corollary 2.9 are indeed satisfied because the degree of α is assumed
to be prime to the characteristic of k. 
One consequence of Proposition 3.6 and Proposition 3.4 is that, for a fixed Brauer class
α ∈ Br(K) with degree prime to char k, and by considering the ramification of a maximal
order Λ in Σ, a central simple algebra representing α, there are at most finitely many prime
divisors p ∈ X with ep(α) > 1. In light of this, we associate to every fixed Brauer class
α ∈ Br(K), a Weil divisor
∆X,α = ∆α ∈WDivQ(X)
defined by
(27) ∆α :=
∑
p∈X, ht(p)=1
(
1−
1
ep(α)
)
p.
Definition 3.7. We say that the divisor defined in (27) is the ramification divisor determined
by the Brauer class α ∈ Br(K).
In light of Proposition 3.6 we make the following definitions.
Definition 3.8. Let α ∈ Br(K) be a Brauer class, with degree prime to chark, and ∆α ∈
WDivQ(X) the ramification divisor that it determines. We say that the canonical divisor of
α is the Weil divisor
KX,α = Kα := KX +∆α ∈WDivQ(X).
Definition 3.9. A Brauer pair is a pair (X,α) of an integral normal variety X , with function
field K = k(X), together with a Brauer class α ∈ Br(K). We say that a Brauer pair (X,α)
is Q-Gorenstein if its canonical divisor Kα has the property that Kα ∈ CDivQ(X).
Definition 3.10. When X is additionally assumed to be proper, we define the Iitaka dimen-
sion of a Q-Gorenstein Brauer pair (X,α) to be the Iitaka dimension of the Q-Gorenstein
pair (X,∆α) as given by Definition 3.1. We denote the Iitaka dimension of (X,α) by κ(X,α).
3.4. Models and b-divisors. The following material is from [6]. Let k be an algebraically
closed field and let K be a finitely generated field over k. In what follows we denote byM/K
the category of normal proper models ofK. Then objects ofM/K are normal integral proper
varieties Y/k together with a fixed morphism SpecK→ Y over k to the generic point of Y ,
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and morphisms between objects of M/K are given by those birational morphisms X → Y
over Speck such that the diagram
SpecK X
Y
commutes.
Every morphism of models induces pushforward morphisms, at the level of Weil divisors,
and these morphisms behave well with respect to composition. The collection of such mor-
phisms form an inverse system with respect to the directed set of objects ofM/K. We denote
the resulting inverse limit in the category of abelian groups as:
DivQ(K) := lim←−
Y ∈M/K
WDivQ(Y ).
Definition 3.11. A (fractional) b-divisor on K is an element D ∈ DivQ(K).
As a consequence of the fact that
DivQ(K) := lim←−
Y ∈M/K
WDivQ(Y ),
we may represent a b-divisor as an infinite collection of divisors
D = {DY }Y ∈M/K
here the divisors DY ∈WDivQ(Y ) are divisors on normal models Y ∈ M/K which have the
property that whenever we are given a morphism g : Y ′ → Y of normal models, then
DY = g∗(DY ′).
In this setting, we define
DY := DY
and we refer to DY as the trace of the b-divisor D on Y .
3.5. b-log Q-Gorenstein pairs. We now make several definitions related to the concept
of a b-log Q-Gorenstein pair. These concepts are from [6].
Definition 3.12. Let X be an integral normal proper variety over an algebraically closed
field k with function field K = k(X). By a b-log pair, or simply a pair, we mean a pair
(X,D) where D ∈ DivQ(K) is a b-divisor, with the property that DY has coefficients in
[0, 1) ∩ Q for each Y ∈ M/K. By a b-log Q-Gorenstein pair, or simply a Q-Gorenstein
pair, we mean a pair (X,D) where D ∈ DivQ(K) is a b-divisor on K with the property that
KX + DX ∈ CDivQ(X).
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We now fix a Q-Gorenstein pair (X,D). Let f : Y → X be a birational morphism. We
also assume further that Y is normal and KY +DY ∈ CDivQ(Y ). In addition, let E1, . . . , Ek
denote the exceptional divisors of f ; we can then write
(28) KY + DY ≡ f
∗(KX + DX) +
∑
i
b′iEi,
for rational numbers b′i ∈ Q. Finally, write the trace of D on Y in the form:
(29) DY =
∑
(1− 1/rD)D
for rational numbers rD.
Definition 3.13. The rational numbers b(Ei;X,D) := b
′
irEi, determined by the expressions
(28) and (29), are called the b-discrepancy of the divisor Ei ∈WDiv(Y ).
Remark 3.14. There are two notions b, b′ of discrepancy for b-log pairs defined in [6]. The
definition of b-terminal and b-canonical do not depend on which discrepancy is used, so for
the purposes of this paper both work equally well.
Having defined the concept of b-discrepancy for a Q-Gorenstein pair (X,D) for exceptional
divisors Ei in a fixed normal model f : Y → X , we define the b-discrepancy for a Q-
Gorenstein pair (X,D) in the following manner.
Definition 3.15. We define the b-discrepancy of a Q-Gorenstein pair (X,D) to be:
b-discrep(X,D) := inf
{
b(E;X,D) :
E is an exceptional divisor
on any normal model f : Y → X
with KY + DY ∈ CDivQ(Y )
}
.
Finally, we introduce the concepts of b-canonical and b-terminal Q-Gorenstein pairs.
Definition 3.16. Let (X,D) be a Q-Gorenstein pair. We say that (X,D) is b-canonical, or
simply that (X,D) has b-canonical singularities, if:
b-discrep(X,D) > 0
and that (X,D) is b-terminal if:
b-discrep(X,D) > 0.
3.6. Iitaka dimensions of b-log-Q-Gorenstein pairs. Let X be an integral normal
proper variety over an algebraically closed field k. Here we define concepts of Iitaka di-
mensions for a Q-Gorenstein pair (X,D). To begin with, we note that there is an evident
concept of Iitaka dimension for a Q-Gorenstein pair (X,D) on X . We make this precise in
the following.
Definition 3.17. The Iitaka dimension of aQ-Gorenstein pair (X,D) is denoted by κ(X,K+
D) and is defined to be that of the Q-Gorenstein pair (X,DX). That is:
κ(X,K+ D) := κ(X,KX + DX).
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Our goal here is to prove Theorem 3.18 which pertains to birational invariance of Kodaira
dimension for Q-Gorenstein pairs, see Corollary 3.21 and §3.8. That b-terminal, and hence
b-canonical, Q-Gorenstein resolutions for a given fractional b-log pair exist, is established
in [6]. Further, in §4.2.3, we formulate and establish an equivariant version of that result,
see Theorem 4.15.
Theorem 3.18. Let the characteristic of k be 0 and let K be a finitely generated field over
k. Let D be a fractional b-divisor on K and let X and Y be normal proper models of K with
b-canonical singularities. Then, if ℓ(KY + DY ) and ℓ(KX + DX) are Cartier, we have that
R(Y, ℓ(KY + DY )) = R(X, ℓ(KX + DX))
and so
κ(Y,K+ D) = κ(X,K+ D).
Theorem 3.18 is a consequence of Proposition 3.19 and Corollary 3.20 below. Before
stating these results, we recall that by a Q-Gorenstein pair, which we denote by (X,D), we
mean an effective divisor D ∈WDivQ(X) with KX +D ∈ CDivQ(X).
Proposition 3.19. Let X and Y be integral normal proper varieties over k and suppose given
Q-Gorenstein pairs (Y,DY ), (X,DX) together with a proper birational morphism f : Y → X.
Assume that
KY +DY = f
∗(KX +DX) +
∑
biEi
for Ei f -exceptional divisors and non-negative rational numbers bi > 0. Then if ℓ(KY +DY )
and ℓ(KX +DX) are Cartier, we have equality of section rings:
R(Y, ℓ(KY +DY )) = R(X, ℓ(KX +DX)).
Proof. Choose ℓ > 0 so that the divisors ℓ(KY + DY ), ℓ(KX + DX), are Cartier and so
consequently E :=
∑
ℓbiEi is also Cartier. Next, put L := OX(ℓ(KX + DX)) and M :=
OY (ℓ(KY + DY )); then M ≃ f
∗L ⊗ OY (E). Further, since X and Y are normal and E is
exceptional and effective we have natural isomorphisms:
(30) H0(X,L⊗m) = H0(Y,M⊗m),
for all integers m > 0, since f∗M
⊗m = L⊗m, [10, Lemma B.2.5], alternatively this follows
from [22, Example 2.1.16, p. 126].
Finally, we note that (30) implies equality of section rings
R(Y, ℓ(KY +DY )) = R(X, ℓ(KX +DX))
as desired. 
As an immediate consequence of Proposition 3.19, we record the following remark for later
use:
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Corollary 3.20. With the same hypothesis as Proposition 3.19, we have equality of Iitaka
dimensions:
κ(Y,KY +DY ) = κ(X,KX +DX).
Proof. Use the relation (21) combined with Proposition 3.19. 
We now prove Theorem 3.18.
Proof of Theorem 3.18. Applying Proposition 3.19 and Corollary 3.20 to a common resolu-
tion Z of the Q-Gorenstein pairs (X,DX) and (Y,DY ) it follows that
R(Y, ℓ(KY + DY )) = R(Z, ℓ(KZ + DZ)) = R(X, ℓ(KX + DX))
and so consequently
κ(X,KX + DX) = κ(Y,KY + DY ).
In light of this, the conclusion of Theorem 3.18 is satisfied too because of Definition 3.17. 
3.7. b-divisors and Brauer classes. We continue with the setting of §3.6 and we now
explain how every class α ∈ Br(K), with degree prime to chark, determines a b-divisor
D(α) ∈ DivQ(K). To this end, we have, for each Y ∈M/K, a ramification divisor
∆Y,α ∈WDivQ(Y )
determined by a fixed Brauer class α ∈ Br(K) and the prime divisors on Y .
These divisors have the property that:
(31) g∗∆Y,α = ∆Y ′,α
for each morphism g : Y → Y ′ in M/K. The reason that (31) holds true follows from the
fact that the (divisorial) valuation of K induced by the prime divisors over two models Y
and Y ′ are equivalent.
In this setting, Theorem 3.18 has the following consequence:
Corollary 3.21. Let X be an integral normal proper variety with function field K = k(X)
and fix a Brauer class α ∈ Br(K) with degree prime to chark. Suppose that (X,D(α)) is a
Q-Gorenstein b-canonical pair. Then for each proper normal model f : Y → X with
KY + D(α)Y ∈ CDivQ(Y ),
we have that:
κ(X,K+ D(α)) = κ(Y,K+ D(α)).
Proof of Corollary 3.21 and Theorem 1.3. Immediate consequence of Theorem 3.18 and the
definitions. 
ON THE KODAIRA DIMENSION OF MAXIMAL ORDERS 25
3.8. b-canonical resolutions, b-canonical models and Kodaira dimensions for b-
log pairs. In this section, unless explicitly stated otherwise, we let X be an integral normal
proper variety, over an algebraically closed field k of characteristic zero, and we letK = k(X)
denote the function field of X . For later use, we need a concept of resolution of singularities
for a given b-log Q-Gorenstein pair. We make this concept precise in:
Definition 3.22. Let D be a b-divisor on an integral normal proper variety X . By a
Q-Gorenstein (b-canonical, b-terminal) resolution of the pair (X,D), we mean a proper
birational morphism f : Y → X with the property that the pair (Y,D) is Q-Gorenstein
(b-terminal, b-canonical). Given a fixed b-divisor D we say the pair (Y,D) is a Q-Gorenstein
(b-terminal, b-canonical) model if the pair (Y,D) is Q-Gorenstein.
We define the Kodaira dimension of a b-divisor D ∈ DivQ(K) in:
Definition 3.23. Assume that D ∈ DivQ(K). We define the Kodaira dimension of the
b-divisor D ∈ DivQ(K) to be that of the pair (Y,D):
(32) κ(D) := κ(Y,K+ D) = κ(Y,KY + DY ),
for (Y,D) some b-canonical model.
We remark that Theorem 3.18 implies that the quantity (32) is well defined and, thus,
can be seen as an invariant of the b-divisor D ∈ DivQ(K), or as a birational invariant of the
pair (X,D).
As is a consequence of results obtained in [6], b-canonical models, in the sense of Defi-
nition 3.22 exist. Here we use that result to study resolutions and Kodaira dimensions of
Brauer classes. Specifically, given a Brauer class α ∈ Br(K), we consider the pair (X,D(α))
together with a b-canonical resolution (Y,D(α)).
Definition 3.24. Fix α ∈ Br(K) and suppose that (Y,D(α)) is a b-canonical model. In this
setting, define:
(33) κ(α) := κ(D(α)) = κ(Y,KY + D(α)Y );
as in (32), the definition given by (33) is well defined. We say that κ(α) is the Kodaira
dimension of the Brauer class α ∈ Br(K).
We define:
Definition 3.25. Let K be a finitely generated field over k and let D be a division algebra
finite dimensional over its centre F with Brauer class α ∈ Br(F). We define the Kodaira
dimension of D, which we denote by κ(D), to be κ(D) := κ(α) the Kodaira dimension of
any b-log pair (Y,D(α)) which is Q-Gorenstein and has b-canonical singularities.
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4. Embeddings of division algebras and ramification formulas
The goal of this section, is to study the nature of ramification divisors in various algebraic
and geometric situations.
4.1. Embeddings of division algebras and behaviour of ramification of maximal
orders. In this subsection, we study the behaviour of ramification data under embeddings
of division algebras. The main point is to establish Theorem 4.5 which we need to prove
Theorem 4.6.
4.1.1. Local embeddings and ramification. Let R be a noetherian integrally closed
domain with quotient field K and let Σ be a finite dimensional central simple K-algebra.
By a full R-lattice in Σ we mean a finitely generated R-submodule M in Σ such that if
K ·M :=
{∑
finite
αisi : αi ∈ K, si ∈M
}
,
then
K ·M = Σ.
In this setting, we may define an R-order in Σ, to be a subring Λ ⊆ Σ (with 1Λ = 1Σ) and
such that Λ is a full R-lattice in Σ. This definition is readily seen to be the affine local
version of the definition given in §3.3.
If M is a full R-lattice in Σ, then the right order of M is given as:
Or(M) := {x ∈ Σ :Mx ⊂M}.
Note that Or(M) is an R-order in Σ.
We recall the following useful fact.
Lemma 4.1 ([27, Exercise 1, p. 112]). Let Γ be a subring of Σ which contains R and suppose
further that Γ is finitely generated as an R-module. Then, for every full R-lattice M in Σ,
the set
M · Γ :=
{∑
finite
siγi : si ∈M, γi ∈ Γ
}
is a full R-lattice in Σ and Γ is contained in the right order Or(M · Γ).
Proof. Clearly Γ is contained in Or(M · Γ) and also K · (M · Γ) = Σ. 
We now consider embeddings of division algebras.
Proposition 4.2. Suppose given two finite dimensional K-central division algebras D1 and
D2 together with a K-algebra embedding D1 →֒ D2. Further, fix an order Λ1 in D1. Then,
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under this hypothesis, there exists an order Λ2 in D2 together with an R-algebra embedding
Λ1 →֒ Λ2 which fits into a commutative diagram:
(34)
Λ1 Λ2
D1 D2
of R-algebras.
Proof. We identify Λ1 and D1 with their respective image in D2. Then Λ1 is a subring of D2
which contains R and which is a finitely generated R-module. Let M be a full R-lattice in
D2. Then:
M · Λ1 =
{∑
finite
αisi : αi ∈M, si ∈ Λ1
}
is a full R-lattice in D2 and, by Lemma 4.1,
Λ1 ⊂ Or(M · Λ1).
Further, the diagram (34) applied to the order
Λ2 = Or(M · Λ1)
commutes. 
One consequence of Proposition 4.2 reads:
Corollary 4.3. With the same assumptions as Proposition 4.2, if Λ1 is a maximal order in
D1, then there exists a maximal order Λ2 in D2 so that the diagram (34) commutes.
Proof. This follows from Proposition 4.2 combined with the fact that every order is contained
in a maximal order. 
We make the following remark which we will need in what follows.
Proposition 4.4. Given a maximal order Λ1 and a diagram as in (34), if a ∈ Λ1 is a
non-unit, then its image in Λ2 is a non-unit.
Proof. Suppose that the assertion is false. Then there exists a non-unit a ∈ Λ1 which is a
unit in Λ2 and such an a must be a unit in D1 too. Let
Γ := Λ2 ∩ D1 ⊆ Λ2.
Then Γ is a finitely generated R-module since Λ2 is finitely generated as an R-module and
because R is Noetherian.
Further, Λ1 ⊆ Γ so Γ is a full R-lattice in D1. So Γ is an R-order in D1 which contains
a−1 and which contains Λ1 too. Since Λ1 is a maximal order, we must have Λ1 = Γ and so
a−1 ∈ Λ1 which contradicts the fact that a ∈ Λ1 is assumed to be a non-unit. 
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We now let (R,m) be a discrete valuation ring, not necessarily complete, we let K be the
field of fractions of R and we let t be a uniformizer. Next, we fix two K-central division
algebras D1 and D2 and maximal orders Λi in Di, for i = 1, 2. We assume that these
R-algebras fit into a commutative diagram of the form (34).
Let ei denote the ramification index of Λi and set Ji := radΛi. Recall that ei is defined
by the condition that:
Jeii = (radΛi)
ei = Λi · t · Λi = Λi ∩ (rad Λˆi)
ei .
Theorem 4.5. The ramification index of Λ2 is divisible by the ramification index of Λ1.
Proof. Write
Dˆi ≃ D
si×si
i
for Kˆ-central division rings Di and let Ri be the unique maximal Rˆ-order in Ri. Further,
let πDi be prime elements of Di and write
Λˆi := Rˆ⊗R Λ ≃ R
si×si
i .
In what follows, by abuse of notation, we identify πDi with the element of Λˆi that it deter-
mines.
In this notation, we now note that since
rad Λˆ1 = Λˆ1 · πD1
is not the unit ideal, combining Proposition 4.4 and [27, Theorem 17.3, p. 171], we may write
the two sided ideal
Λˆ2 · rad Λˆ1 · Λˆ2 = Λˆ2 · (Λˆ1 · πD1 · Λˆ1) · Λˆ2
as a positive power of rad Λˆ2:
(35) Λˆ2 · (Λˆ1 · πD1 · Λˆ1) · Λˆ2 = Λˆ2 · π
k
D2
,
for some k > 0.
Further
(36) Λˆ1 · π
e1
D1
· Λˆ1 = Λˆ1 · t
and, by (35), we also have:
(37) Λˆ2 · (Λˆ1 · π
e1
D1
· Λˆ1) · Λˆ2 = Λˆ2 · π
ke1
D2
.
On the other hand,
(38) Λˆ2 · (Λˆ1 · t · Λˆ1) · Λˆ2 = Λˆ2 · t = Λˆ2 · π
e2
D2
and so, combining (36), (37), and (38), we obtain:
ke1 = e2
so that e1 | e2 as desired. 
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In what follows, in light of Theorem 4.5, we put:
(39) eJ2/J1 :=
e2
e1
.
4.1.2. Global embeddings and ramification. We now fix an algebraically closed field k
and an integral normal variety X which we assume to be proper over k. Further, we denote
the function field of X by K = k(X).
Next, we fix two K-central division algebras D1 and D2 and an embedding D1 →֒ D2 over
K. We summarize our setting as:
K
D1 D2
Further, we assume that the degrees of D1 and D2 are prime to chark and we denote by α1
and α2, respectively, their class in the Brauer group Br(K). Also, given a prime divisor p of
X , we denote by
(40) eα2/α1(p) := eJ2/J1
the number given by (39) at p.
Finally, we let ∆α1 and ∆α2 denote the ramification divisors determined by α1 and α2,
respectively, and we also denote by Kα1 and Kα2 the corresponding log canonical divisors.
Recall that ep(αi) denotes the ramification of αi at a prime divisor p.
Theorem 4.6. Let K = k(X) be the function field of an integral normal proper variety X
over an algebraically closed field k. Fix two K-central division algebras D1 and D2, with
degree prime to chark, and an embedding D1 →֒ D2 over K. Let ∆αi and Kαi, denote,
respectively, the ramification and log canonical divisors on X determined by Di, for i = 1, 2.
It holds true that:
∆α1 6 ∆α2 ,
Kα1 6 Kα2
and
Kα2 = Kα1 +
∑
p
1
ep(α1)
(
1−
1
eα2/α1(p)
)
p.
Further, if the ramification divisors ∆αi, for i = 1, 2, determine Q-Gorenstein pairs (X,∆αi),
then the inequality of Iitaka dimensions
κ(X,α1) 6 κ(X,α2)
holds true.
We use the following immediate lemma in the proof of Theorem 4.6.
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Lemma 4.7. Let X be an integral normal proper variety over k. Let D be a Q-Cartier
divisor on X and let E be an effective Q-Cartier divisor. Then κ(X,D) 6 κ(X,D + E).
Proof. By (21) we may assume that D and D + E are integral. Then the assertion follows
from the inclusion OX(D) →֒ OX(D + E). 
Proof of Theorem 4.6 and Theorem 1.8. We first choose a maximal order Λ1 in D1 and then
use Corollary 4.3 to obtain a maximal order Λ2 in D2 which fits into a commutative diagram:
Λ1 Λ2
D1 D2
.
In this situation, the fact that ∆α1 6 ∆α2 then follows from Theorem 4.5 together with the
Definition given in (27) since, by Theorem 4.5, we have:
(41) 1−
1
ep(α2)
= 1−
1
eα2/α1(p)ep(α1)
> 1−
1
ep(α1)
at each prime divisor p. We note that, as is a consequence of (41), the precise relation
amongst Kα1 and Kα2 is given by:
Kα2 = Kα1 +
∑
p
1
ep(α1)
(
1−
1
eα2/α1(p)
)
p
and so Kα2 −Kα1 is effecitve.
So by Lemma 4.7 we obtain
κ(X,Kα1) 6 κ(X,Kα2)
as desired. 
4.2. A Riemann-Hurwitz type theorem for ramification divisors determined by
Brauer classes. Here we study the behaviour of ramification divisors under finite separable
field extensions. The main result is Theorem 4.9 which we establish in §4.2.2.
4.2.1. Ramification of Brauer classes and extensions of discrete valuation rings.
In this subsection, we establish some results which pertain to the behaviour of ramification
data under extensions of discrete valuation rings. The main point is to establish Proposi-
tion 4.8 which we use in §4.2.2 to establish Theorem 4.9 and its corollaries.
Let (R,m) be a discrete valuation ring, not necessarily complete. Let K be the fraction
field of R and let F/K be a finite separable field extension. Further, denote by R′ the integral
closure of R in F and fix a maximal ideal m′ of R′. Fix uniformizers t and t′ for (R,m) and
ON THE KODAIRA DIMENSION OF MAXIMAL ORDERS 31
(R′m′ ,m
′) respectively. We then obtain, as a consequence of [29, II §3] for example, a natural
extension of discrete valuation rings
(42) (R,m) →֒ (R′m′,m
′)
which induces an extension of complete valuation rings
(43) (Rˆ, mˆ) →֒ (Rˆ′m′ , mˆ
′).
Let Kˆ and Fˆ denote the field of fractions of Rˆ and Rˆ′m′ , respectively, and identify t and t
′
with uniformizers of Rˆ and Rˆ′m′ respectively.
Let
(44) em′/m := [Fˆ : Kˆ]
denote the ramification index of the field extension F/K. Fix a Brauer class α ∈ Br(K), let
α′ denote its pullback in Br(F) and denote by αˆ and αˆ′, respectively, the images of α and
α′ in Br(Kˆ) and Br(Fˆ), respectively, under the natural maps
Br(K)→ Br(Kˆ)
and
Br(F)→ Br(Fˆ).
Let em(α) and em′(α
′) denote the respective ramification indices of α and α′. More precisely,
fix, a Kˆ-central division algebraD with class in Br(Kˆ) equal to αˆ and fix an Fˆ-central division
algebra D′ with class in Br(Fˆ) equal to αˆ′ and put
(45) em(α) := eD
and
(46) em′(α
′) := eD′ .
(Recall that the numbers eD and eD′ are defined in §2.1.)
Next, we use the numbers (44), (45) and (46) to define here a number em′/m(α), depending
on our fixed Brauer class α ∈ Br(K) and depending our given extensions (42) and (43). This
number is defined by:
(47) em′/m(α) :=
em′/mem′(α
′)
em(α)
.
In Proposition 4.8 below, we check that the number (47) is a positive integer.
Proposition 4.8. The number em′/m(α) is a positive integer.
Proof. Let D be a K-central division ring representing the Brauer class α ∈ Br(K). As
in [27, Theorem 18.7], there exists a Kˆ-central division algebra D with the property that:
Dˆ = Kˆ⊗K D ≃ D
s×s.
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Further, put D′ = F⊗K D and write
Dˆ′ = Fˆ⊗F D
′ ≃ D′s
′×s′,
for some Fˆ-central division algebra D′.
Let R be the unique maximal order of D with prime element πD and let R
′ be the unique
maximal order of D′ with prime element πD′ .
Let
(48) Λ ≃ Rs×s
be a maximal Rˆ-order in Dˆ. By abuse of notation, we denote by πD ∈ Λ the element
determined by the prime element πD ∈ R via the isomorphism (48).
Next, let
R′s
′×s′ ≃ Λ′ ⊆ Dˆ′ ≃ D′s
′×s′
be a maximal order containing the order Fˆ⊗
Kˆ
Λ so that:
(49) Λ →֒ Fˆ⊗
Kˆ
Λ ⊆ Λ′ ⊆ Dˆ′.
By abuse of notation, we denote by πD′ ∈ Λ
′ the element determined by the prime element
πD′ ∈ R
′. Further, we denote by 1 ⊗ πD the image of πD ∈ Λ in Λ
′ under the K-algebra
embedding (49).
In what follows, we are interested in two-sided ideals of the maximal order Λ′ which are
generated by powers of the image of πD ∈ Λ in Λ
′.
Specifically, since
Λπ
em(α)
D = Λt
we have
(50) Λ′(1⊗ π
em(α)
D )Λ
′ = Λ′(1⊗ t)
and further, since
1⊗ t = t′em′/m ⊗ 1,
we also have that
(51) Λ′(1⊗ t)Λ′ = Λ′(t′em′/m ⊗ 1)Λ′.
In addition, since
(52) Λ′π
e
m′
(α′)
D′ = Λ
′t′
it follows from (52) that:
(53) Λ′(t′em′/m ⊗ 1)Λ′ = Λ′π
e
m′/mem′(α
′)
D′ .
Finally, by combining (50), (51) and (53), we obtain:
(54) Λ′(1⊗ π
em(α)
D )Λ
′ = Λ′π
e
m′/mem′(α
′)
D′ .
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On the other hand, by [27, Theorem 17.3, p. 171], we may write the two-sided ideal
Λ′(1⊗ πD)Λ
′ = Λ′πDΛ
′
as a power:
Λ′(1⊗ πD)Λ
′ = Λ′πkD′ ,
for some integer k > 0, and it follows from (54) that such a k must have the property that
(55) kem(α) = em′/mem′(α
′).
Equation (55) implies that k is a positive integer and also that k = em′/m(α). 
4.2.2. Riemann-Hurwitz type theorems. In this subsection, we fix an algebraically
closed field k and we let X denote an integral normal variety which is also assumed to be
projective over k. We denote the function field of X by K = k(X). Further, we also fix a
Brauer class α ∈ Br(K) with degree prime to chark and we let ∆α ∈WDivQ(X) denote the
ramification divisor that it determines.
We consider the finite surjective morphism f : X ′ → X determined by a finite separable
field extension F/K. Specifically, f : X ′ → X is the normalization of X in F. An important
point to note is that the finite morphism f : X ′ → X is flat in codimension 1.
Let ∆α ∈WDivQ(X) denote the ramification divisor determined by the class α ∈ Br(K)
and let α′ = f ∗α ∈ Br(F) denote the pull-back of α. Also, for each prime divisor p of X
and each prime divisor p′ of X ′ lying over p we denote, respectively, by ep(α) and ep′(α
′) the
ramification indices of the classes αˆp ∈ Br(Kp) and αˆ
′
p′ ∈ Br(Fp′) determined by α ∈ Br(K)
and α′ ∈ Br(F). Further, we also denote by
ep′/p := [Fp′ : Kp]
the ramification index of the field extension F/K at p with respect to p′. Finally, as in (47),
we denote by ep′/p(α) the positive integer:
(56) ep′/p(α) :=
ep′/pep′(α
′)
ep(α)
.
The main result of this section reads:
Theorem 4.9. Let X be an integral normal projective variety, over an algebraically closed
field k, with function field K = k(X). Let F/K be a finite separable field extension and
let f : X ′ → X be the normalization of X in F. Finally, fix a Brauer class α ∈ Br(K),
with degree prime to chark, and put α′ = f ∗α ∈ Br(F). Then, in this situation, the divisor
Kf∗α − f
∗Kα is effective. Further,
Kf∗α − f
∗Kα =
∑
p′
(
−1
ep′(α′)
+
ep′/p
ep(α)
)
p′ =
∑
p′
1
ep′(α′)
(ep′/p(α)− 1)p
′.
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Proof. Since the ramification divisor has the form
Ram(f) =
∑
p′
(ep′/p − 1)p
′,
for p the prime divisor of X lying below the prime divisor p′ of X ′, it follows that the
coefficient in front of p′ in the divisor
(57) Kf∗α − f
∗Kα = ∆f∗α − f
∗∆α + Ram(f),
has the form:
(58) 1−
1
ep′(α′)
−
(
1−
1
ep(α)
)
ep′/p + ep′/p − 1 =
−1
ep′(α′)
+
ep′/p
ep(α)
,
if p′ | p. Since
ep′/p =
ep′/p(α)ep(α)
ep′(α′)
,
we can rewrite (58) in the form:
1
ep′(α′)
(ep′/p(α)− 1)
and we deduce that the divisor Kα′ − f
∗Kα will be effective if and only if
ep′/p(α) > 1,
for all p′ | p, p ∈ supp(∆α); the conclusion of Theorem 4.9 now follows from Proposition 4.8.

Corollary 4.10. Continuing with the hypothesis of Theorem 4.9, assume further that the
classes α and α′ determine Q-Gorenstein pairs. Then, in this situation, it holds true that:
κ(X ′,Kf∗α) > κ(X,Kα).
Proof of Corollary 4.10. To begin with, the hypothesis of Corollary 4.10 implies that the
difference
Kf∗α − f
∗Kα
is an effective Q-Cartier divisor. Thus, by Lemma 4.7, we have that
(59) κ(X ′,Kf∗α) > κ(X
′, f ∗Kα)
holds true. Using (59), it then follows, from [25, Proposition 1.5 (ii)] for instance, that
κ(X,Kα) = κ(X
′, f ∗Kα) 6 κ(X
′,Kf∗α)
as desired. 
We are now interested in two division algebras D1 and D2 with centres K and F respec-
tively, and having degree prime to k. We assume we have embeddings D1 →֒ D2 such that
there is an induced map of centres K ⊆ F, so we have a commutative diagram
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K
D1
F
D2
Remark 4.11. Given two division algebras D1 and D2 with centres K and F respectively,
we have embeddings D1 →֒ D2 such that there is an induced map of centres K ⊆ F, if and
only if there is an embedding of F-central division algebras:
F⊗K D1 →֒ D2
over K.
We summarize our setting below in the following diagram of extensions of division algebras
with extensions of centres:
K
D1
F F
F⊗K D1 D2
Let α1 ∈ Br(K) denote the class of D1, f
∗α1 ∈ Br(F) the class of F ⊗K D1, and α2 the
class of D2.
Corollary 4.12. Assume, in addition to the assumptions of Theorem 4.9, that the classes
α1 ∈ Br(K), f
∗α1 ∈ Br(F) and α2 ∈ Br(F) determine Q-Gorenstein pairs. Then, under
these assumptions, it holds true that:
κ(X,Kα1) 6 κ(X
′,Kα2).
Proof. We are considering the following extensions of division rings:
K
D1
F F
F⊗K D1 D2
and so the conclusion follows by combining Corollary 4.10 and Theorem 4.6. 
Note that Corollary 4.10 and Corollary 4.12 pertain to Iitaka dimensions and not Kodaira
dimensions. In other words, these numbers may depend on a given choice of model of K.
Removing this birational dependence is one of the aims of §4.2.3.
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4.2.3. Galois embeddings, division algebras and Kodaira dimensions. We now
assume, for the remainder of this section, that char k = 0 and our goal is to consider
extensions of division algebras over k which induce a Galois extension of their centres. More
precisely, we let K = k(X) be the function field of an integral normal projective variety
X , over k, and we let F/K be a finite Galois extension with Galois group G = Gal(F/K).
Next, we let D be a K-central division algebra with Brauer class α ∈ Br(K) and we suppose
that the pair (X,D(α)) has b-canonical singularities. Let f : X ′ → X be the normalization
of X in F. Recall that G acts on X ′ and that f : X ′ → X is the quotient map (this is a
consequence of [23, Theorem 9.3]). In what follows, we study a concept of G-equivariant
resolution for the pair (X ′,D(f ∗α)). We make this precise as follows.
Definition 4.13. Let G be a finite group. A G-b-log pair is a b-log pair (Y,E) consisting
of an integral G-variety Y over k and a b-divisor E ∈ DivQ(k(Y )) with the property that if
Z ∈ M/k(Y ) is a G-variety compatibly with the action of G on k(Y ), then EZ , the trace of
E on Z, admits a G-action which is compatible with the action of G on Z.
Having defined the concept of a G-b-log pair, we now make precise what we mean by
G-equivariant, b-canonical and b-terminal resolutions of such a pair.
Definition 4.14. Let G be a finite group and (Y,E) a G-b-log pair. By a G-equivariant b-
canonical resolution of (Y,E), we mean a G-b-log pair (Y˜ ,E) having b-canonical singularities
together with a proper G-equivariant birational morphism p : Y˜ → Y . We define a G-
equivariant b-terminal resolution similarly.
The following result uses existence of b-terminal resolutions of b-log pairs as established
in [6].
Theorem 4.15. Let G be a finite group and (Y,E) a G-b-log pair with the property that the
coefficients of EZ , for each Z ∈ M/k(Y ), lie in [0, 1) ∩ Q. Then the pair (Y,E) admits a
G-equivariant b-terminal resolution.
Proof. Let F = k(Y ), K = FG, X = Y/G and π : Y → X the quotient map. Then X is
normal and Y is the normalization of X in F. We first show that the pair (Y,E) determines,
via π, a b-log pair (X,D) with DZ ∈ [0, 1) ∩Q for each Z ∈M/K.
To this end, note that the pair (Y,E) determines a b-divisor D ∈ DivQ(K) defined by the
condition that its trace DZ , for each Z ∈M/K, has the form:
(60) DZ = BZ +
1
|G|
πZ∗EZ′
for πZ : Z
′ → Z the normalization of Z in F and BZ the divisor on Z so that:
(61) KZ′ = π
∗
Z(KZ +BZ).
Here KZ′ and KZ denote canonical divisors on Z
′ and Z respectively.
ON THE KODAIRA DIMENSION OF MAXIMAL ORDERS 37
Now fix Z ∈M/K, fix a prime divisor p on Z, let πZ : Z
′ → Z be the normalization of Z
in F. Then the coefficient of p in BZ is 1 − 1/e where e is the ramification index of F over
K at p.
Furthermore, let d ∈ [0, 1) ∩ Q be the coefficient of EZ′ at p
′. Then, since the coefficient
of πZ∗EZ′ at p is d|G|/e, it follows that the coefficient of DZ at p is:(
1−
1
e
)
+
d
e
∈ [0, 1) ∩Q.
Thus we have shown that (Y,E) determines (X,D) and DZ ∈ [0, 1)∩Q for each Z ∈M/K.
By [6, Theorem 2.30], which applies since DZ ∈ [0, 1)∩Q for each Z ∈M/K, there exists a b-
terminal resolution (X˜,D) of the b-log pair (X,D) and we let π˜ : Y˜ → X˜ be the normalization
of X˜ in F. Then G acts on Y˜ . Further, since Y is the normalization of X in F, it then
follows, by the universal property of normalizations, that Y˜ admits a natural birational map
p : Y˜ → Y and this map is also G-equivariant. The pair (Y˜ ,E) is Q-Gorenstein since (X˜,D)
is Q-Gorenstein and KY +EY = π˜
∗(KX +DX). Our goal now is to show that the pair (Y˜ ,E)
is a G-equivariant b-terminal resolution of (Y,E).
To achieve our goal, let D be an irreducible exceptional divisor over Y˜ ; we want to show
that D has positive discrepancy with respect to E. With this in mind, we let f : Y˜ ′ → Y˜
be a G-equivariant proper birational morphism which has D as an irreducible exceptional
divisor.
Let X˜ ′ = Y˜ ′/G with canonical morphism π˜′ : Y˜ ′ → X˜ ′. Note that E = π˜′∗(D) is an
irreducible exceptional divisor over X˜. We then have a commutative diagram:
Y˜ ′ Y˜
X˜ ′ X˜
f
π˜′ π˜
g
of G-varieties which is induced by the universal property of quotients.
We next show that D has positive discrepancy. To that end, consider now the divisor
B = KX˜′ + DX˜′ − g
∗(KX˜ + DX˜)
on X˜ ′.
Since (X˜,D) is b-terminal, all exceptional divisors have positive discrepancy over X˜ .
Pulling back B via π˜′, we then obtain:
(62) π˜
′∗
(
KX˜′ + DX˜′
)
= π˜
′∗g∗
(
KX˜ + DX˜
)
+ π˜
′∗B.
On the other hand, using (60) and (61) which define D, we have:
(63) π˜′∗(KX˜′ + DX˜′) = KY˜ ′ + EY˜ ′
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and so, combining (62) and (63), it follows that:
KY˜ ′ + EY˜ ′ = f
∗π˜∗
(
KX˜ + DX˜
)
+ π˜
′∗B
which we can rewrite as:
(64) KY˜ ′ + EY˜ ′ = f
∗
(
KY˜ + EY˜
)
+ π˜
′∗B.
Finally, since B is a positive discrepancy divisor over X˜ , it follows from (64) that π˜
′∗B is a
positive discrepancy divisor over Y˜ too. In particular, the coefficient of D in π˜
′∗B is positive.
We have shown that all exceptional divisors over Y˜ have positive discrepancy with respect
to E and thus (Y˜ ,E) is b-terminal. 
Having shown the existence of G-equivariant b-terminal resolutions, we can establish
Proposition 4.16 below which can be seen as a more general birationally invariant form
of Theorem 4.9 and Corollary 4.10.
Proposition 4.16. Let X be an integral normal projective variety over k, with function field
K = k(X) and let F/K be a finite Galois extension with Galois group G = Gal(F/K). Let
D be a K-central division algebra with Brauer class α ∈ Br(K) and let α′ ∈ Br(F) be the
pullback of α. Then, in this setting, if the pair (X,D(α)) has b-canonical singularities, it
holds true that:
κ(α) 6 κ(α′).
Proof. Let f : X ′ → X be the normalization of X in F and let (Y˜ ,D(α′)) be a G-equivariant
b-terminal resolution of the b-log pair (X ′,D(α′)). That such a resolution exists is assured
by Theorem 4.15. We then note that since k(Y˜ ) = F and FG = K that Y = Y˜ /G is indeed
normal and K = k(Y ). Further, since Y˜ is normal, the canonical finite map g : Y˜ → Y is
the normalization of Y in F. Finally, we note that, as is a consequence of [18, Proposition
5.20 (1)] for instance, the pair (Y,D(α)) is Q-Gorenstein.
We now make the following deductions. To begin with, since the pair (X,D(α)) has
b-canonical singularities, it follows that:
(65) κ(Y, α) = κ(α).
On the other hand, by Corollary 4.12 applied to g : Y˜ → Y , we obtain:
(66) κ(Y˜ , α′) > κ(Y, α).
Finally, since (Y˜ , α′) is b-terminal, and hence b-canonical, we have:
(67) κ(α′) = κ(Y˜ , α′);
combining (65), (66), and (67), it then follows that
κ(α′) > κ(α)
as desired.
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
As a consequence of Proposition 4.16, we have the following statement which can be
considered as our main result.
Theorem 4.17. Suppose that k is an algebraically closed field of characteristic zero, that
D1 ⊆ D2 are division algebras, finitely generated over k and finite dimensional over their
centres K,F and having the properties that:
(a) K ⊆ F;
(b) the extension F/K is Galois.
Then, with these assumptions, it holds true that:
κ(D1) 6 κ(D2).
Proof of Theorem 4.17 and Theorem 1.6. Let α1 and α2 denote, respectively, the Brauer
classes of D1 and D2. Fix a normal proper model X of K such that (X,D(α1)) is b-
canonical. Let f : X ′ → X be the normalization of X in F and let (Y˜ ,D(f ∗α1)) be a
G-equivariant b-canonical resolution of the G-b-log pair (X ′,D(f ∗α1)). Again that such a
resolution (Y˜ ,D(f ∗α1)) exists is assured by Theorem 4.15.
We then have:
(68) κ(f ∗α1) = κ(Y˜ ,K+ D(f
∗α1))
and
(69) κ(α1) = κ(X,K + D(α1)).
Thus, using (68) and (69) combined with Proposition 4.16, we obtain
(70) κ(α1) 6 κ(f
∗α1).
Having established (70), we fix a b-canonical resolution
(W,D(α2))→ (Y˜ ,D(α2))
of the pair (Y˜ ,D(α2)) so that
(71) κ(α2) = κ(W,K + D(α2)).
Then by Theorem 4.6, which applies in light of Remark 4.11, it follows that:
(72) κ(W,K+ D(α2)) > κ(W,K+ D(f
∗α1)) = κ(f
∗α1);
here the rightmost equality in (72) follows from Corollary 3.21, since the pair (Y˜ ,D(f ∗α1))
is b-canonical and since W is a normal proper model of Y˜ .
Finally, combining (70), (71) and (72) we have
κ(α2) > κ(α1)
as desired.
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
The following example shows that the inequality κ(D1) 6 κ(D2) is a necessary condition
for the embedding D1 →֒ D2 to induce a map on centres K ⊆ F.
Example 4.18. Choose homogeneous coordinates u, v, w for P2
k
and let
K = k(P2) = k(u/w, v/w).
Next, let D be the quaterion (division) algebra generated by x, y over K and satisfying the
relations:
x2 =
u
w
, y2 =
v
w
, yx = −xy.
Now fix rational functions a, b, c ∈ K and put:
γ = ax+ by + cxy ∈ D.
Then:
γ2 = (ax+ by + cxy)2 = a2x2 + b2y2 − c2x2y2 = a2
u
w
+ b2
v
w
− c2
uv
w2
∈ K.
Let σ = w2γ2, so σ ∈ H0(P2,OP2(2d)), for some d > 0, and denote by B ⊆ P
2 the divisor
determined by σ:
B = div(σ).
Then B is a plane curve of degree 2d and there exist a, b, c ∈ K so that B is smooth; fix
such a, b, c ∈ K.
Next, let f : Y → P2 denote the double cover branched on B, fix a line ℓ ⊆ P2 and
canonical divisors KY and KP2 for Y and P
2 respectively. We then have:
KY ∼ f
∗
(
KP2 +
1
2
B
)
∼ (d− 3)f ∗ℓ.
Further, since f ∗ℓ is ample, it follows that Y is of general type when d > 3, that Y has
Kodaira dimension 0 when d = 3 and that Y has negative Kodaira dimension when d = 1
or d = 2.
Finally, we note that κ(D) = κ(P2,∆) < 0 since, as can be deduced from [1, Proposition
1.4.9] for example, that ∆, the ramification divisor for D, equals one half of the sum of the
coordinate lines of P2.
Now put D1 := k(Y ) = K(γ) ⊆ D and D2 := D. We then have:
(a) D1 ⊆ D2;
(b) Z(D1) 6⊆ Z(D2); and
(c) κ(D1) > κ(D2)
and it follows that the condition κ(D1) 6 κ(D2), in Theorem 4.17, is a necessary condition
for the inclusion D1 ⊆ D2 to induce containment of centres Z(D1) ⊆ Z(D2).
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In light of Example 4.18, we ask:
Question 4.19. Let D be the division algebra in the above example. Let C be a curve such
that k(C) ⊆ D. Then is the genus of C necessarily zero?
5. Canonical rings, maximal orders and function fields of division algebras
Let X be an integral normal variety, assumed to be proper over an algebraically closed
field k, with function field K = k(X).
5.1. The canonical ring of a maximal order. Our main point here is to establish
Corollary 5.4 which provides some motivation for the study of the ramification divisor defined
in (27). Furthermore, in Definition 5.5, we define the canonical ring of a maximal OX -order
Λ. Then, motivated by this concept, in Definition 5.7, we define the section ring of Λ with
respect to a Cartier divisor onX . We then show, in Corollary 5.11, that this ring is a p.i. ring.
As it turns out, some of the results of this subsection generalize results that were obtained
in [8, §3]. Finally, what we discuss here should also help to provide further motivation for
the results we establish in §5.2.
First, we denote the reflexive hull of a coherent sheaf F on X by
F∨∨ := HomOX (HomOX (F,OX),OX).
Further, we remark that if F is a Λ-(left, right, bi)-module, then the same is true for F∨∨.
Next, consider a Weil divisor D =
∑
finite dpp ∈WDiv(X) on X . We then can form, given a
maximal OX -order Λ on X , the reflexive OX -module:
(73) (OX(D)⊗OX Λ)
∨∨.
Since the OX-module
Λ(D) := OX(D)⊗OX Λ
is also a Λ-bimodule, the reflexive OX -module (73) is also a Λ-bimodule too.
Proposition 5.1. Let X be an integral normal proper variety over k, with function field
K = k(X), let Λ be a maximal OX-order, in a K-central simple algebra with degree prime to
the characteristic of k, and let D =
∑
finite dpp ∈ WDiv(X) be a Weil divisor on X. Then,
in this context, if p ∈ X is a codimension 1 prime, then the stalk of the sheaf Λ(D) at p is
the Λp-bimodule:
(radΛp)
−dpeΛ(p).
Proof. We simply note:
(radΛp)
eΛ(p) ≃ Λpmp.

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Consider now the Λ-bimodule Λ∨ := HomOX (Λ,OX) which has stalk at a height 1 prime
p of X the OX,p-module:
Λ∨p := OX,p ⊗HomOX (Λ,OX) = HomOX,p(Λp,OX,p).
The module Λ∨p naturally carries the structure of a Λp-bimodule. In particular, as a Λp-
bimodule, we have:
(74) Λ∨p ≃ (radΛp)
1−eΛ(p),
as follows from Proposition 2.10.
Definition 5.2. We now fix a canonical divisor, KX , on X and we let ωX := OX(KX) denote
the canonical sheaf that it determines. In this setting, since ωX is a reflexive sheaf on X ,
we can consider the Λ-bimodule ωΛ, the canonical sheaf of Λ, which is the reflexive sheaf
defined by the condition that:
ωΛ := HomOX (Λ, ωX).
The stalk of ωX at a height 1 prime ideal p of X is described in:
Proposition 5.3. Let X be an integral normal proper variety over k, with function field
K = k(X), and let Λ be a maximal OX-order, in a K-central simple algebra Σ with degree
prime to chark, on X. Then, at a height 1 prime p of X, the stalk of the OX-module ωΛ is
the Λp-bimodule
(75) ωΛ,p ≃ ωX,p ⊗OX,p Λ
∨
p ≃ ωX,p ⊗OX,p (radΛp)
1−eΛ(p).
Proof. Since, for each height one prime p ⊆ X , ωX,p is a free OX,p-module, we have a Λp-
bimodule isomorphism
(76) ωΛ,p ≃ ωX,p ⊗OX,p HomOX,p(Λp,OX,p).
The final isomorphism follows by combining (74) and (76). 
In what follows, we denote by ω⊗ℓΛ , for a nonnegative integer ℓ, the ℓ-fold tensor product
of the Λ-bimodule ωΛ. Also, we put n
2 = [Σ : K].
Proposition 5.3 has the following consequence which relates ωΛ to the log-canonical sheaf
determined by Λ. As such, Corollary 5.4 below can be seen as a sort of adjunction formula
for ωΛ.
Corollary 5.4. With the same assumptions as Proposition 5.3, if n denotes the degree of
Σ, then there exists a natural Λ-bimodule isomorphism:
(77) (ω⊗ℓnΛ )
∨∨ ≃ (OX(ℓn(KX +∆Λ))⊗OX Λ)
∨∨ ,
for each integer ℓ > 0. Further, if ℓn(KX +∆Λ) is Cartier or Λ is locally free over X, then
the Λ-bimodule isomorphism (77) takes the form:
(78) (ω⊗ℓnΛ )
∨∨ ≃ OX(ℓn(KX +∆Λ))⊗OX Λ.
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Proof. Since both the left and right hand sides of (77) are reflexive sheaves, it suffices to check
the above isomorphism at codimension 1 primes. In light of this reduction, that (77) holds
true follows from Proposition 5.3 combined with Proposition 5.1. Finally, (78) follows from
(77) since, when ℓn(KX+∆Λ) is Cartier or Λ is locally free over X , OX(ℓn(KX+∆Λ))⊗OX Λ
is reflexive. 
Motivated by Corollary 5.4, we define the canonical ring of Λ in:
Definition 5.5. Let X be an integral normal proper variety over k, with function field
K = k(X), let Λ be a maximal OX -order in a central simple algebra Σ, with degree n prime
to chark, and let ∆Λ be the ramification divisor of Λ. We define the canonical ring of Λ to
be the graded k-algebra:
(79) R(Λ, ωΛ) :=
⊕
ℓ>0
HomΛ(Λ, (ω
⊗ℓ
Λ )
∨∨).
Here, in (79), for each φ ∈ HomΛ(Λ, (ω
⊗ℓ
Λ )
∨∨) and each ψ ∈ HomΛ(Λ, (ω
⊗k
Λ )
∨∨) the multipli-
cation is given by the natural maps:
(80) (φ⊗ ψ)∨∨ : Λ = (Λ⊗Λ Λ)
∨∨ →
(
ω
⊗(ℓ+k)
Λ
)∨∨
,
The following proposition, among other things, gives an alternative description ofR(Λ, ωΛ).
Proposition 5.6. Let X be an integral normal proper variety over k, with function field
K = k(X) and let Λ be a maximal OX-order in a central simple algebra Σ with degree n
prime to chark. Suppose that (X,∆Λ) is Q-Gorenstein and fix an integer ℓ0 > 0 so that
ℓ0nKΛ ∈ CDiv(X). Then the following assertions hold true.
(a) There exists a natural OX-module isomorphism
(81) OX(ℓℓ0n(KX +∆Λ))⊗OX Λ
∼
−→ HomΛ(Λ, (ω
⊗ℓℓ0n
Λ )
∨∨),
for each integer ℓ > 0. Furthermore, for such ℓ, the ℓℓ0n
th graded piece of the canonical
ring R(Λ, ωΛ) has the form:
(82) R(Λ, ωΛ)ℓℓ0n = H
0(X,OX(ℓℓ0n(KX +∆Λ))⊗ Λ).
(b) The ℓ0n
th Veronese subalgebra of R(Λ, ωΛ),
R(Λ, ωΛ)
(ℓ0n) :=
⊕
ℓ>0
HomΛ(Λ, (ω
⊗ℓℓ0n
Λ )
∨∨)
is naturally isomorphic to the graded k-algebra
H0(X, Sym•(OX(ℓ0nKΛ))⊗ Λ) =
⊕
ℓ>0
H0(X,OX(ℓℓ0nKΛ)⊗ Λ).
Proof. Proposition 5.6 is essentially just a restatement of Corollary 5.4. 
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Next, motivated by Proposition 5.6, we define the section ring of Λ with respect to a
Cartier divisor D ∈ CDiv(X).
Definition 5.7. Let X be an integral normal proper variety over k, with function field
K = k(X) and let Λ be a maximal OX-order in a central simple algebra Σ with degree
prime to char k. Fix a Cartier divisor D ∈ CDiv(X). We define the section ring of Λ with
respect to D to be the graded k-algebra:
(83) R(Λ, D) := H0(X, Sym•(OX(D))⊗ Λ).
We make a few remarks concerning Definition 5.7.
Remark 5.8. • The graded pieces of the algebra (83) have the form:
R(Λ, D)ℓ = H
0(X,OX(ℓD)⊗ Λ) = HomOX (OX ,OX(ℓD)⊗ Λ),
for each integer ℓ > 0.
• The algebra structure of R(Λ, D) is induced by that of the sheaf of (in general non-
commutative) algebras Sym•(OX(D))⊗OX Λ on X .
• There is a natural k-algebra morphism
(84) R(D) →֒ R(Λ, D)
which identifies the section ring of D as a subalgebra of the centre of R(Λ, D). This
morphism (84) is induced by the natural OX -algebra morphism
Sym•(OX(D)) →֒ Sym
•(OX(D))⊗OX Λ.
We next show that the section ring R(Λ, D), for D ∈ CDiv(X) is a subalgebra of Σ[t].
Proposition 5.9. Let X be an integral normal proper variety over k, with function field
K = k(X) and let Λ be a maximal OX-order in a K-central simple algebra Σ with degree
prime to char k. If D ∈ CDiv(X) is a Cartier divisor on X, then the section ring R(Λ, D)
is a subalgebra of Σ[t].
Proof. Put L = OX(D), let
A := Sym•(L) =
⊕
ℓ>0
L⊗ℓ
and let π : Y = SpecXA → X be the natural affine morphism. In particular,
H0(Y,OY ) = H
0(X,A) =
⊕
ℓ>0
H0(X,L⊗ℓ),
as in [14, Ex. II. 5.17] for instance. Further, by pulling back Λ to Y and then considering
the base change to Spec(K), we have:
K⊗ π∗Λ = K⊗ Sym•(L)⊗ Λ = K[t]⊗K Λ ≃ Σ[t]
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and it then follows, since π is affine, that
(85) H0(Y, π∗Λ) = H0(X, π∗π
∗Λ) =
⊕
ℓ>0
H0(X,L⊗ℓ ⊗ Λ) ⊆ Σ[t].
Finally, since
(86) R(Λ, D) =
⊕
ℓ>0
H0(X,L⊗ℓ ⊗ Λ),
it follows from (85) and (86) that
R(Λ, D) ⊆ Σ[t]
as desired. 
In general, the canonical ring of a maximal order need not be prime.
Example 5.10. Let x, y be homogeneous coordinates on P1 and let E = OP1(−1) ⊕ OP1
and let Λ = EndP1(E) ⊆ k(t)
2×2, then
Λ(−2ℓ) =
(
OP1(−2ℓ) OP1(−2ℓ+ 1)
OP1(−2ℓ− 1) OP1(−2ℓ)
)
and
R(Λ, ωΛ) =
⊕
ℓ>0
H0(P1,Λ(−2ℓ)) =
(
k kx+ ky
0 k
)
⊆ k(x, y)2×2
which is not a prime ring.
Before stating one consequence of Proposition 5.9, we recall that by a polynomial identity
ring, or simply a p.i. ring, we mean a ring which satisfies some nonzero universal polynomial
relation in the free algebra k〈x〉 = k〈x1, . . . , xN 〉, for some integer N ≫ 0. Having recalled
this concept, we can now state:
Corollary 5.11. With the same assumptions and notations of Proposition 5.9, the section
ring R(Λ, D) is a p.i. ring.
Proof. By Proposition 5.9, the section ring R(Λ, D) is a subring of the p.i. ring Σ[t]. 
5.2. The function field of a maximal order with respect to a divisor. Here we
consider maximal orders in division rings, with degree prime to chark, and our main goal
is to show how, given such a maximal OX -order Λ, together with a Cartier divisor D on X ,
we can define a division algebra k(Λ, D), which we can think of as the function field of Λ
with respect to D.
5.2.1. Preliminaries about Graded Rings of Fractions. To begin with, we recall,
following [26], that if A is a Z-graded ring and S a multiplicatively closed subset consisting of
nonzero homogeneous elements, then A satisfies the graded left Ore conditions with respect
to S if the two conditions hold:
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• if r ∈ A is a homogeneous element, s ∈ S and rs = 0, then there exists an s′ ∈ S
with the property that s′r = 0;
• for each homogeneous r ∈ A and each s ∈ S, there exists homogeneous elements
r′ ∈ A and s′ ∈ S with the property that s′r = r′s.
If A satisfies the graded left Ore conditions with respect to S, then the left ring of fractions
S−1A can be described as:
(87) S−1A =
{
s−1a : a ∈ A and s ∈ S
}
.
Here the ring operations are given as:
s−1x+ t−1y = u−1(ax+ by),
for a, b ∈ A such that u = as = bt ∈ S, and
s−1x · t−1y = (t1 · y)
−1(x1 · y),
for t1 ∈ S, x1 ∈ A with the property that t1x = x1t. Furthermore, the ring S
−1A is a
Z-graded ring with gradation given by:
(S−1A)ℓ =
{
s−1a : s ∈ S, a ∈ A such that ℓ = deg(a)− deg(s)
}
,
for ℓ ∈ Z.
For later use, we note:
Proposition 5.12. Let X be an integral normal proper variety over k with function field
K = k(X) and let Λ be a maximal OX-order in a K-central division algebra D with degree
prime to chark. Let D ∈ CDiv(X) be a Cartier divisor on X and A a graded subring of
the section ring R(Λ, D). Then A satisfies the graded left Ore conditions with respect to the
multiplicative set of nonzero homogeneous elements of A.
Proof. We argue as in [20, Corollary 10.26] which considers the case of non-graded p.i. rings.
To begin with, since R(Λ, D) ⊆ D[t], by Proposition 5.9, the section ring R(Λ, D) is a domain
and hence also A is a domain and so the first condition clearly holds.
Next, suppose that the second condition is false. Then, in this case, there exists homo-
geneous elements a, b ∈ A which are left linearly independent over A. Then, as in [20,
Proposition 10.25 and Lemma 9.2], if C denotes the graded centre of A, then A contains the
(free) algebra over C generated by a, b. This algebra is not a polynomial identity ring and
so we have obtained a contradiction to Corollary 5.11, since that corollary implies that A is
a p.i. ring. 
5.2.2. Division rings determined by Cartier divisors. We now fix a K-central
division algebra D, with degree prime to k, we let Λ be a maximal OX -order in D and we fix
a Cartier divisor D on X . As one consequence to what we describe here, is an alternative
point of view for the Iitaka dimension of the Brauer pair (X,α), for α ∈ Br(K), the Brauer
class of D. The main idea is that, given our fixed Cartier divisor D, we can associate to Λ a
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division ring whose centre sees the growth of Λ with respect to D. To relate the discussion
that follows back to the Iitaka dimension of the pair (X,α), the idea is to replace the Cartier
divisor D with an integral multiple of Kα, the canonical divisor of α; here we assume that
(X,α) is Q-Gorenstein so that some integral multiple of Kα is indeed Cartier.
Let N(Λ, D) := {ℓ > 0 : H0(X,Λ(ℓD)) 6= 0} denote the semigroup of R(Λ, D), let k(Λ, D)
be degree zero division ring of fractions of the graded quotient ring of R(Λ, D). In what
follows, we assume that N(Λ, D) 6= (0). Then, for each ℓ ∈ N(Λ, D), let Λ〈ℓ〉 ⊆ R(Λ, D)
denote the graded k-subalgebra generated by the degree ℓ part of R(Λ, D):
R(Λ, D)〈ℓ〉 = k〈H0(X,Λ(ℓD)〉 ⊆ R(Λ, D).
By Proposition 5.12, the set of nonzero homogeneous elements of Λ〈ℓ〉 satisfy the left Ore
conditions and we let k(Λ, D)〈ℓ〉 denote the division ring obtained by localizing R(Λ, D)〈ℓ〉
at the multiplicative Ore set of nonzero homogeneous elements and then taking degree zero
elements. In particular:
(88)
k(Λ, D)〈ℓ〉 :=
{
s−1a : s, a ∈ R(Λ, D)〈ℓ〉 are homogeneous, s 6= 0, and deg(a) = deg(s)
}
.
Furthermore, set:
(89) k(Λ, D)〈∞〉 :=
⋃
ℓ∈N(Λ,D)
k(Λ, D)〈ℓ〉.
Our goal next is to study the division algebra k(Λ, D). To that end, we say that a central
simple algebra over a field k is finitely generated if it is the ring of quotients of a finitely
generated k-algebra, which will necessarily be p.i. and prime. We use the following lemma.
Lemma 5.13. Let Σ be a central simple algebra over a base field k, whose characteristic is
prime to the degree of Σ. Then Σ is finitely generated over k if and only if its centre Z(Σ)
is a finitely generated field extension of k.
Proof. Suppose first that Z(Σ) = k(x1, . . . , xn) and let e1, . . . , em2 be a basis of Σ over
Z(Σ). Let R = k[x1, . . . , xn] and let S = k〈x1, . . . , xn, e1, . . . , em2〉. Now the fraction field
of R is Z(Σ) and so the quotient ring of S contains
∑
Z(Σ)ei = Σ. So S is a finitely
generated k-algebra with ring of quotients Σ. Now suppose conversely that Σ is the ring
of quotients of S which is finitely generated over k. Let T ⊆ Z(Σ) be the ring of traces of
elements of S, and we adjoin traces to S to obtain the trace ring TS. As in [24, Proposition
13.9.11(ii)], which assumes char k = 0 but which can also be adapted to our present situation,
we see that Z(TS) is a finitely generated k-algebra. Furthermore, if we let Q(TS) and
Q(Z(TS)) denote, respectively, the ring of quotients of the ring TS and its centre Z(TS),
then Q(Z(TS)) = Z(Q(TS)) = Z(Σ) by [24, Corollary 13.9.7 (i)] combined with the fact
that TS is a finitely generated T -module [24, Proposition 13.9.11(ii)]. 
We use Lemma 5.13 to make the following remark:
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Proposition 5.14. Let k be a field and let Σ be a central simple algebra that is finitely
generated over k. Assume that the characteristic of k is prime to the degree of Σ. Then the
collection of simple k-subalgebras of Σ satisfy the ascending chain condition. In particular,
every simple subalgebra of Σ is a finitely generated central simple algebra over k.
Proof. Let
(90) Σ1 ⊆ Σ2 ⊆ . . . ⊆ Σ
be an ascending chain of simple subalgebras of Σ. Then, since Σ is p.i., each of the Σi are
p.i. and simple and so central simple algebras by Kaplansky’s Theorem. Inductively, for each
i, let Fi+1 be a maximal subfield of Σi+1 containing Fi. Note that Fi+1 must also contain
the centre of Σi+1. In this way, the chain of central simple algebras (90) induces a chain of
maximal subfields:
(91) F1 ⊆ F2 ⊆ . . . ⊆ F ⊆ Σ,
for F a maximal subfield of Σ containing the centre of Σ. By Lemma 5.13 we see that F
is a finitely generated field extension of k. This chain of subfields (91) stabilizes since F
is finitely generated [17, Theorem 24.9]. Thus the chain (90) reduces to a chain of finite
dimensional vector spaces over this maximal subfield and hence stabilizes as well. 
Motivated by Proposition 5.14, we ask:
Question 5.15. Can Proposition 5.14 be generalized in some way, for instance, to remove
the p.i. hypothesis?
We now fix ℓ ∈ N(Λ, D), we note that, for each k > 0, we have:
k(Λ, D)〈ℓ〉 ⊆ k(Λ, D)〈kℓ〉
and we consider the behaviour of the ascending chain of division algebras:
k(Λ, D)〈ℓ〉 ⊆ k(Λ, D)〈k1ℓ〉 ⊆ . . . ⊆ k(Λ, D)〈k1...kpℓ〉 ⊆ k(Λ, D)〈k1...kp+1ℓ〉 ⊆ . . . ⊆ k(Λ, D)
for a given collection of positive integers {ki}.
Proposition 5.16. Let X be an integral normal proper variety over k, with function field
K = k(X), let Λ be a maximal OX-order, in a K-central division algebra D having degree
prime to chark, and let D be a Cartier divisor on X. There exists 0 < ℓ0 ∈ N(Λ, D) so that
k(Λ, D)〈∞〉 = k(Λ, D)〈ℓℓ0〉 = k(Λ, D)〈ℓ0〉
for all ℓ > 1.
Proof. First note that, by Corollary 5.11, k(Λ, D)〈∞〉 is a subdivision algebra of the p.i. al-
gebra D[t] ⊆ D(t) and hence finite dimensional over its centre and finitely generated over k
by Proposition 5.14. Next, since
k(Λ, D)〈∞〉 =
⋃
ℓ∈N(Λ,D)
k(Λ, D)〈ℓ〉
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and k(Λ, D)〈ℓ
′〉 ⊆ k(Λ, D)〈ℓ〉 when ℓ′ divides ℓ, it follows from Proposition 5.14 that
k(Λ, D)〈∞〉 = k(Λ, D)〈ℓ〉
for some sufficiently divisible ℓ ∈ N(Λ, D). 
Proposition 5.16 implies:
Corollary 5.17. In the setting of Proposition 5.16, we that the degree zero graded fractions
of R(Λ, D) is
k(Λ, D) = k(Λ, D)〈∞〉.
Proof. Since
k(Λ, D) =
{
s−1a : s, a ∈ R(Λ, D) are homogeneous, s 6= 0, and deg(a) = deg(s)
}
,
the equality k(Λ, D) = k(Λ, D) follows from Proposition 5.16. 
5.3. The division ring determined by divisors. In this section, we fix a maximal
OX -order Λ in a K-central division algebra D having degree prime to chark.
We now want to compare the division ring k(Λ, D) with the degree zero field of fractions
k(X,D) of the section ring R(X,D) of the Cartier divisor D.
Lemma 5.18. With the same assumptions as Proposition 5.16, the field k(X,D) is a central
subfield of k(Λ, D).
Proof. By Corollary 5.17, we have
k(Λ, D)〈∞〉 = k(Λ, D)
and so Lemma 5.18 is an immediate consequence of Remark 5.8. 
We now study the nature of the extension k(Λ, D)/k(X,D).
Proposition 5.19. Let X be an integral normal proper variety over k, with function field
K = k(X), let Λ be a maximal OX-order, in a K-central division ring D having degree prime
to chark, and let D be a Q-Cartier divisor on X with N(X,D) 6= (0). Then the division
algebra k(Λ, D) is finite dimensional over its centre, which is a finite extension of k(X,D).
Proof. By linear equivalence we may assume that D is effective. Choose ℓ > 0 so that ℓD is
an integral Cartier divisor and let t ∈ H0(X,OX(ℓD)) be a section corresponding to ℓD. Now
let s ∈ H0(X,Λ(ℓD)) and note that t−1s ∈ k(Λ, D). Consider the field F = K(t−1s) ⊆ D
obtained by adjoining t−1s toK. Since D is finite dimensional overK, F is finite dimensional
over K too. Let Y be the normalization of X in F with canonical map p : Y → X . Fix an
affine open cover {Ui} of X which trivializes OX(ℓD). Then
t|UiOX(Ui) = OX(ℓD)(Ui) = {f ∈ K : div(f)|Ui + ℓD|Ui > 0}.
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We also have that
s|Ui ∈ Λ(ℓD)(Ui) = Λ(Ui)t|Ui .
Note that
(t−1s)|Ui = t
−1
|Ui
s|Ui ∈ Λ(Ui) ∩ F.
So (t−1s)|Ui is an element of F that is integral over OX(Ui) so (t
−1s)|Ui ∈ OY (Ui). Now we
get
s|Ui ∈ t|UiOY (Ui) = OY (ℓD)(Ui).
In particular,
s ∈ H0(X, p∗OY ⊗OX(ℓD))) = H
0(X, p∗(OY (p
∗(ℓD))) = H0(Y,OY (p
∗(ℓD))).
The proof of [25, Proposition 1.5 (iii)] now shows that R(Y, p∗D) is integral over R(X,D).
Since s was arbitrary every element of R(Λ, D) is integral over R(X,D). Now the argument
of [25, Proposition 1.2 (iii)] shows that every element of k(Λ, D) is algebraic over k(X,D).
It remains to show that the extension k(Λ, D)/k(X,D) is finite. We know that k(Λ, D) is
a subdivision ring of D. So by Proposition 5.14, we have that k(Λ, D) is finite dimensional
over its centre Z(k(Λ, D)) which is finitely generated over k. So Z(k(Λ, D)) is finitely
generated over k(X,D). Finally, we note that Z(k(Λ, D)) is algebraic over k(X,D) and
finitely generated over k(X,D). Thus k(Λ, D) is finite over k(X,D). 
Note that if a division algebra D is finite dimensional over its centre Z(D), then we define
trdegD = trdegZ(D). Proposition 5.19 immediately implies:
Corollary 5.20. With the same assumptions as Proposition 5.19, the division algebras
k(Λ, D) and k(X,D) have the same transcendence degree.
We now consider the case that D = Kα = KX +∆α, for ∆α the ramification divisor of a
maximal order Λ ⊆ D. Here we assume that Kα ∈ CDivQ(X); equivalently we assume that
the pair (X,∆α) is Q-Gorenstein. We then have, as a consequence of Corollary 5.20, the
following result.
Theorem 5.21. Let X be an integral normal proper variety over k, with function field
K = k(X), and fix a Brauer class α ∈ Br(K) having degree prime to chark. Let Λ be a
maximal order in a K-central division algebra D with Brauer class equal to α. If the pair
(X,α) is Q-Gorenstein and if κ(X,Kα) > 0, then the transcendence degree of k(Λ,Kα) over
k equals the Iitaka dimension of the pair (X,α). Explicitly:
trdeg k(Λ,Kα) = κ(X,α) = κ(X,Kα).
Proof. It is well known that trdeg k(X,Kα) = κ(X,Kα), see for example [22, Corollary
2.1.37] and [22, Definition 2.1.3]. So Theorem 5.21 follows from Corollary 5.20 because, in
the notation of that result, we have:
trdeg k(X,Kα) = κ(X,Kα) = κ(X,α).

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As an additional remark, fix a K-central division algebra D, with finite dimension over K
and having degree prime to chark, fix a maximal order Λ in D and fix a Cartier divisor D
on X . We then note that we can use Corollary 5.20, in conjunction with results from [30], to
describe the behaviour of the lower transcendence degree of the algebra k(Λ, D) compared to
that of R(X,D) the section ring of D. This is the content of Theorem 5.22. Before stating
this result, if A is an algebra over k, then, we denote by GKdimA its GK dimension and by
LdA its lower transcendence degree. For completeness, we briefly recall, following [30], that
the GK dimension of A is defined to be:
GKdimA := sup
V
lim sup
n→∞
logn dimV
n,
where V ranges over all finite dimensional subspaces of A. Also, if A is assumed to be a
prime p.i. algebra, then the lower transcendence degree of A can be described as:
LdA := sup
V
inf
b
lim sup
n→∞
logn dim(k+ bV )
n
where V ranges over the finite dimensional subspaces of A and where b ranges over the regular
elements of A. Here, in the above definitions, V n and (k + bV )n denote the k-subspaces of
A generated by their respective n-fold products.
Theorem 5.22. Let k be an algebraically closed field of characteristic zero and let K be a
finitely generated field over k. Let D be a K-central division algebra with finite dimension
over K and having degree prime to chark, choose a maximal OX-order Λ in D over a
projective variety X, and fix a Cartier divisor D on X with N(X,D) 6= (0). Let k(Λ, D) be
the division ring of degree zero fractions of R(Λ, D) and let k(X,D) be the degree zero field
of fractions of the section ring R(X,D). Then, with these notations and hypothesis, it holds
true that:
GKdimR(D)− 1 = LdR(D)− 1 = trdeg k(X,D) = trdeg k(Λ, D) = Ldk(Λ, D).
Proof of Theorem 5.22 and Theorem 1.5. By [30, Proposition 0.2] and [30, Proposition 2.1],
it follows that:
GKdimR(D)− 1 = LdR(D)− 1 = trdeg k(X,D).
On the other hand, combining Corollary 5.20, [30, Corollary 3.3] and statement (1) of [30,
Theorem 0.3], we obtain:
trdeg k(X,D) = trdeg k(Λ, D) = Ldk(Λ, D)
and so Theorem 5.22 follows. Finally, the final assertion about birational invariance in
Theorem 1.5 follows from Theorem 1.3. 
5.4. Perturbed growth conditions. In this section, we establish Proposition 5.23 which
we then use to prove Theorem 1.2. To begin with, if D is a Q-Cartier divisor on an inte-
gral normal projective variety X over k, then we let κσ(D) denote its perturbed growth, or
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numerical dimension:
(92) κσ(D) := max{σ(D;A) : A is an ample divisor on X}.
Here, in (92), if F is a reflexive sheaf on X , then, as in [11, Definition 2.1], we define:
(93) σ(D;F ) := max
{
k ∈ Z>0 : lim sup
m→∞
h0(X,F ⊗OX(⌊mD⌋))
mk
> 0
}
and we put σ(D;F ) = −1 in case that h0(X,F ⊗OX(⌊mD⌋)) = 0 for all sufficiently divisible
m≫ 0.
Proposition 5.23. Suppose that X is an integral normal projective variety over k. If F is
a reflexive sheaf on X and if D is a Q-Cartier divisor on X, then
σ(D;F ) 6 κσ(D).
Proof. Fix an ample divisor A onX and choose ℓ≫ 0 so that the coherent sheaf F∨⊗OX(ℓA)
is globally generated. Then, by taking the dual of the surjective morphism of OX -modules:
(94)
⊕
finite
OX(−ℓA)→ F
∨ → 0
we obtain an injective morphism of OX -modules:
(95) 0→ F = F∨∨ →֒
⊕
finite
OX(ℓA).
Furthermore, we can twist (94) and (95) by mD for each sufficiently divisible m ≫ 0. We
then obtain, combining (94) and (95),
(96) h0(X,F ⊗OX(mD)) 6 h
0(X,F∨ ⊗OX(ℓA))h
0(X,OX(mD + ℓA)),
for each sufficiently divisible m≫ 0. Clearly (96) implies that σ(D;F ) 6 σ(D; ℓA) 6 κσ(D)
as desired. 
Using Proposition 5.23 together with Conjecture 1.1, we now prove Theorem 1.2.
Proof of Theorem 1.2. Recall that the Gelfand-Kirillov dimension of an algebra is the supre-
mum of the Gelfand-Kirillov dimensions of its finitely generated subalgebras [19, p. 14].
Using [19, Lemma 6.1, Lemma 2.1] and (93) with F = Λ and D = KΛ, we check, by
considering finitely generated graded subalgebras of R(Λ, ωΛ), that
(97) GKdimR(Λ, ωΛ) = σ(KΛ; Λ)− 1.
On the other hand, since OX →֒ Λ, we deduce:
(98) κ(X,KΛ) 6 σ(KΛ; Λ) 6 κσ(KΛ) = κ(X,KΛ).
Here the right most inequality in (98) follows from Proposition 5.23 while the rightmost
equality is implied by (3). The conclusion desired by Theorem 1.2 then follows by combining
(97) and (98).
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